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1. Introduction and Statement of the Results

The catenary curve, that elegant and resilient shape describing the configuration of
a hanging chain, has left an indelible mark on the modern world. In the field of civil
engineering, the catenary has played a fundamental role in the design of iconic structures,
such as the Sagrada Familia church in Barcelona, Spain. Furthermore, its ability to evenly
distribute loads along its curve makes it an ideal solution for bridges, arches, and other
structures that must bear heavy weights.

The influence of the catenary extends far beyond civil engineering. In dentistry,
its shape describes the natural curvature of healthy dental arches, providing a basis for
understanding oral anatomy and designing dental prostheses. In the oil industry, the
catenary is used to optimize well drilling, ensuring an efficient and safe trajectory. Even in
the medical field, the catenary is employed to measure breast curvature in cancer diagnosis,
providing crucial information for the detection and treatment of this disease (see [1,2], or
the references mentioned therein).

The fascination with the catenary dates back to the time of Galileo Galilei, who
compared the shape of a hanging chain to a parabola. However, it was Joachim Jungius
who demonstrated that hanging chains have a distinct shape, laying the groundwork for a
deeper study of this curve. In 1691, the catenary was formally defined and named, opening
the doors to countless applications (see [3]).

The catenary curve, with its rich history and diverse applications, continues to inspire
researchers and professionals in various fields. Its still untapped potential opens up new
possibilities for designing stronger, more efficient, and more aesthetic structures, as well
as for better a understanding of natural and complex phenomena. The catenary will
undoubtedly remain a cornerstone of the modern world and a symbol of human creativity
and ingenuity.

In this context, it is natural to consider the differential equation modeling the catenary
curve in the fractional context, as we will do next to explore a new facet of the catenary. It
should be noted that the equation modeling the catenary curve has already been studied
in [4] using the Caputo–Fabrizio derivative. Here, we will use the fractional derivative in
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Resumen

En este trabajo de tesis se aborda el estudio de ecuaciones diferenciales fraccionarias
en el sentido de Caputo desde dos enfoques: el primero orientado al modelado de un
fenómeno físico y el otro orientado al análisis teórico de sistemas de control.

En el primer capítulo, los datos mostraron que, para una cadena homogénea sin
perturbaciones, la ecuación que mejor modela la curva de la catenaria es la clásica. Esto
evidencia que al introducir un parámetro fraccionario arbitrario no se garantiza una
mejora respecto al modelo clásico. Sin embargo, al añadir diferentes pesos en el centro
de la cadena, se observó que ciertos órdenes fraccionarios describen mejor este nuevo
fenómeno y además permiten obtener una mejor aproximación para la altura mínima de
la curva.

Por otra parte, en el segundo capítulo se mostró que la conveniencia de emplear un
modelo fraccionario frente al clásico depende del índice fraccionario y de las condiciones
iniciales del sistema, reforzando la idea de que ningún enfoque debe privilegiarse de
manera automática. En conjunto, los resultados de esta tesis evidencian que la aplicación
del cálculo fraccionario debe ser cuidadosa, ya que debe estar respaldada por evidencia
experimental o por las condiciones particulares del sistema estudiado, evitando su uso
indiscriminado en problemas donde los modelos clásicos ya son adecuados.
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Abstract

This thesis studies fractional differential equations in the Caputo sense from two
different perspectives: the modeling of a physical phenomenon and the theoretical
analysis of control systems.

In the first chapter, experimental data showed that, for a homogeneous hanging chain
without perturbations, the classical catenary equation provides the best description of the
curve. This result indicates that the arbitrary introduction of a fractional parameter does
not necessarily improve the classical model. However, when additional weights are placed
at the center of the chain, certain fractional orders provide a more accurate description
of the resulting phenomenon and yield a better approximation of the minimum height
of the curve.

In the second chapter, it is shown that the convenience of using a fractional model
instead of a classical one depends on the fractional order as well as on the initial
conditions of the system, reinforcing the idea that neither approach should be preferred
automatically. Overall, the results of this thesis show that the application of fractio-
nal calculus must be carried out with caution and supported by either experimental
evidence or the particular characteristics of the system under study. Consequently, the
indiscriminate use of fractional models should be avoided in situations where classical
models already provide an adequate description.

3



Introducción

Objetivos y alcance

El cálculo fraccionario no es una herramienta tan empleada como lo es el cálculo
clásico. Cuando se quiere resolver un fenómeno físico o un problema de aplicación y
encontrar su solución se suele emplear el cálculo clásico antes que el fraccionario.
El cálculo fraccionario nació casi al mismo tiempo que el cálculo clásico desarrollado
por Newton y Leibniz, porque el interés por órdenes no enteros no se hizo esperar. La
primera mención histórica del cálculo fraccionario fue en el año 1695 donde L’Hôpital le
mandó una carta a Leibniz sobre una pregunta que se le había generado con la notación
de derivada dny

dxn
, donde mencionaba que aplicaciones había si n, no era entero por

ejemplo si n = 1/2, es decir d1/2y

dx1/2 , Leibniz ante esa pregunta escribió lo siguiente “es-
ta es una aparente paradoja de la cual, algún día, se obtendrán consecuencias útiles” [26].

En muchos trabajos se introducen derivadas fraccionarias en modelos clásicos con
la expectativa de obtener mejores resultados, sin embargo, no siempre existe una
justificación física o experimental que respalde dicha elección. El presente trabajo busca
aportar evidencia teórica y experimental sobre el uso del cálculo fraccionario, mostrando
tanto sus alcances como sus limitaciones en fenómenos físicos y problemas de control.

Organización del trabajo

La tesis está organizada de la siguiente forma:

• Capítulo 1: En este capítulo se obtiene la ecuación diferencial fraccionaria de la
catenaria con el uso de las derivadas de Caputo, respetando las propiedades físicas
de la curva catenaria, que sería su simetría. Con el fin de realizar la comparación
con la ecuación clásica, se analizan los datos obtenidos mediante digitalización de
imágenes de una cadena suspendida de diferentes longitudes, considerando tanto
el caso en que la única fuerza externa que actúa sobre ella es su peso, como el caso
en que se añade un peso adicional en su punto central.

• Capítulo 2: Se aborda un problema de control óptimo en tiempo para ecuaciones
diferenciales fraccionarias lineales en el sentido de Caputo, donde se busca un
control acotado que lleve la dinámica del sistema al origen en el menor tiempo
posible. Se establece la existencia de un control óptimo de tipo bang-bang, así como
un principio del máximo análogo al de Pontryagin para este contexto fraccionario.
Además, se presentan dos ejemplos de aplicación, uno relacionado con un problema
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Introducción

de equilibrio y otro con el desplazamiento de un vagón, en los cuales se compara
el comportamiento de los modelos clásico y fraccionario.
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1
Aplicaciones erróneas del cálculo

fraccionario: la catenaria como prototipo

1.1 Artículo

La curva de la catenaria es la forma que se genera al tener una cuerda suspendida
a dos puntos fijos a una misma altura sometida únicamente a su propio peso, este
fenómeno lo podemos ver día tras día como una cadena colgante. Esta curva tiene
aplicaciones en la arquitectura con el nombre de arco catenario. Para la obtención de
la curva de la catenaria de forma matemática se plantea una ecuación diferencial con
condiciones de frontera dadas, en esta primera parte se obtendrá la curva de la catenaria
usando el cálculo fraccionario mediante las derivadas fraccionarias de Caputo [16].

La formulación propuesta preserva las propiedades físicas fundamentales del fenó-
meno, particularmente la simetría característica de la curva. A partir de esta ecuación se
obtuvo una solución analítica que posteriormente fue comparada con la solución clásica
de la catenaria.

Con el propósito de evaluar ambos modelos, se realizaron experimentos utilizando
cadenas suspendidas de diferentes longitudes. Las curvas obtenidas fueron digitalizadas y
comparadas con las predicciones teóricas de las versiones clásica y fraccionaria. Los resul-
tados mostraron que, para una cadena homogénea cuya única fuerza externa es su propio
peso, el modelo clásico proporciona la mejor aproximación experimental. En particular,
se observó que la solución fraccionaria reproduce adecuadamente el fenómeno únicamente
cuando el orden fraccionario se aproxima al valor (α = 1), correspondiente al caso clásico.

Posteriormente, se modificó el sistema físico añadiendo diferentes pesos en el centro
de la cadena. Esta perturbación altera la forma natural de la curva y genera un compor-
tamiento más complejo. En este escenario se observó que ciertos órdenes fraccionarios
permiten describir con mayor precisión la deformación producida, obteniendo errores
menores que los proporcionados por el modelo clásico. Además, la estimación de la
altura mínima de la curva presentó una mejora significativa cuando se empleó el modelo
fraccionario.

Los resultados obtenidos permiten concluir que la introducción de un parámetro
fraccionario no garantiza por sí misma una mejora en la modelación de un fenómeno
físico. Su utilización debe estar respaldada por evidencia experimental y por una jus-
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1.1. ARTÍCULO

tificación física adecuada. Sin embargo, los resultados también sugieren que el cálculo
fraccionario puede constituir una herramienta útil para modelar fenómenos sometidos a
perturbaciones que modifican su estado natural, donde los modelos clásicos presentan
ciertas limitaciones.

Los resultados descritos en este capítulo fueron publicados en el artículo titulado
Erroneous Applications of Fractional Calculus: The Catenary as a Prototype, publicado
en la revista Mathematics en el año 2024. A continuación, se presenta el artículo en su
versión original.
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1. Introduction and Statement of the Results

The catenary curve, that elegant and resilient shape describing the configuration of
a hanging chain, has left an indelible mark on the modern world. In the field of civil
engineering, the catenary has played a fundamental role in the design of iconic structures,
such as the Sagrada Familia church in Barcelona, Spain. Furthermore, its ability to evenly
distribute loads along its curve makes it an ideal solution for bridges, arches, and other
structures that must bear heavy weights.

The influence of the catenary extends far beyond civil engineering. In dentistry,
its shape describes the natural curvature of healthy dental arches, providing a basis for
understanding oral anatomy and designing dental prostheses. In the oil industry, the
catenary is used to optimize well drilling, ensuring an efficient and safe trajectory. Even in
the medical field, the catenary is employed to measure breast curvature in cancer diagnosis,
providing crucial information for the detection and treatment of this disease (see [1,2], or
the references mentioned therein).

The fascination with the catenary dates back to the time of Galileo Galilei, who
compared the shape of a hanging chain to a parabola. However, it was Joachim Jungius
who demonstrated that hanging chains have a distinct shape, laying the groundwork for a
deeper study of this curve. In 1691, the catenary was formally defined and named, opening
the doors to countless applications (see [3]).

The catenary curve, with its rich history and diverse applications, continues to inspire
researchers and professionals in various fields. Its still untapped potential opens up new
possibilities for designing stronger, more efficient, and more aesthetic structures, as well
as for better a understanding of natural and complex phenomena. The catenary will
undoubtedly remain a cornerstone of the modern world and a symbol of human creativity
and ingenuity.

In this context, it is natural to consider the differential equation modeling the catenary
curve in the fractional context, as we will do next to explore a new facet of the catenary. It
should be noted that the equation modeling the catenary curve has already been studied
in [4] using the Caputo–Fabrizio derivative. Here, we will use the fractional derivative in
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the sense of Caputo. The Caputo–Fabrizio derivative involves a non-singular kernel, and
in modeling, it often yields different results from the Caputo derivative (see [5]).

Nowadays, it unfortunately happens all too often that a classical differential equation
is considered, and instead of the integer-order derivative operator, it is replaced with a
fractional derivative operator. In the vast majority of these cases, it is tacitly assumed that
the fractional dynamics improve the model obtained using classical differential calculus.
Under this premise, that is, assuming there is an improvement using fractional calculus,
various authors engage in a series of theoretical developments or numerical manipulations
that later make no sense (see [6]).

To illustrate this point, we have chosen the catenary curve because, as we mentioned
before, it is an important phenomenon and relatively easy to reproduce. Using a hang-
ing chain and a scanner, one can obtain the shape of the catenary curve (see Section 3).
Furthermore, the associated differential equation is a second-order nonlinear differential
equation (see (3) and (4)). By replacing the integer-order derivative with the fractional-order
derivative (see (2) and (8)), a fractional differential equation is obtained (see (10)). This
equation is solved, and the key point here is that the fractional parameters do not model the
physical curve of the hanging chain. In other words, it is generally incorrect to think that
the fractional model improves the classical model. In some cases, such as in the study of
control systems, nonlinear and nonlocal models are often modeled by nonlinear fractional
differential equations (see [6]). In our case, we see that this is not the case; indeed, the
modeling of the catenary is a nonlinear model, and any (local) perturbation of the chain
affects the chain globally.

On the other hand, when a certain weight is applied to the center of the chain, relatively
minor compared to the total weight of the chain, it is observed that there are fractional
indices that better model the deformed curve than the classical case. This is consistent with
what is known (that it is a nonlocal phenomenon), and it opens a possible opportunity
for fractional calculus to model this phenomenon, at least improving the classical case. In
this case, as we mentioned, by modifying the weight of the chain at its center, the overall
structure of the curve is altered; changes are not limited to a neighborhood of the center of
the catenary. Since modeling the catenary curve with weight classically is a complicated
problem (see [7,8]), and we achieve it with little effort when using fractional calculus, we
can say that, for modeling this phenomenon, fractional calculus proves to be useful.

In summary, the fractional index should not be introduced into a differential equation
without real evidence that it improves the model (see [6]). At best, the fractional analytical
model represents a perturbation of the classical model. This observation should not be
taken lightly, as there is a wide variety of fractional derivatives, and theoretical aspects
are sometimes studied without any basis other than the aesthetic aspect of mathematics
(see [9,10]).

The article is organized as follows. In Section 2, we recall the derivation of the
classical catenary, which serves to introduce some concepts, and we propose the relevant
modifications in the fractional case. In Section 3, we define some concepts of fractional
calculus and state some basic properties. In Section 4, we present the fractional differential
equation in the sense of Caputo and solve it. In Section 5, we describe the physical
experiment and present some images of catenaries. Finally, in Section 6, we present some
conclusions.

2. Classical Catenary Curve

In this section, we will briefly review the classical derivation of the catenary curve.
Consider a homogeneous rope or string with linear density ρ and a length greater than a,
where a is a fixed positive number. Let T represent the tension at the midpoint a/2. The
downward displacement of the hanging chain at the point x will be denoted as y(x). With
this information, we can create a diagram similar to the one shown in Figure 1.
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y(x)

a/2 x

•

•

a

••

T

Figure 1. The catenary curve, y(x).

Carrying out an analysis of the forces (see, for example, [11]), we arrive at the following
equation,

1
c

∫ x

a/2

√
1 + (u(t))2dt = u(x), x ∈ (0, a), (1)

where
u(x) = y′(x), (2)

c = T/(gρ), and g is the gravitational constant. Taking derivatives in (1), we deduce the
second-order nonlinear differential equation

1
c

√
1 + (u(x))2 = u′(x), (3)

with the initial condition
u(a/2) = y′(a/2) = 0. (4)

The general solution of (3) has the form

u(x) = sinh
(

1
c

x + c0

)
, x ∈ [0, a], (5)

where c0 is a constant. Using the initial conditions (4), we obtain

c0 = − a
2c

. (6)

Now, from (2) and using y(0) = 0, we get the classical catenary curve,

y(x) = c
{

cosh
( x

c
− a

2c

)
− cosh

( a
2c

)}
, x ∈ [0, a]. (7)

The minimum of the curve will be

y
( a

2

)
= c

{
1 − cosh

( a
2c

)}
, x ∈ [0, a].

3. Some Preliminaries on Fractional Calculus

To introduce the fractional model of the catenary curve, it is helpful to revisit some
key concepts of fractional calculus. Numerous excellent texts are available on this subject;
for our purposes, we adopted the notation and refer to the results presented in [12,13].

Definition 1. Let f : [a, b] → R be a continuous function. The left Riemann–Liouville integral,
Iα
a+ f , of f of order α ∈ R, is defined as

(Iα
a+ f )(x) =

1
Γ(α)

∫ x

a

f (t)
(x − t)1−α

dt, x ∈ (a, b).
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Now, let us suppose that α > 0 and set n := [α] + 1, where [·] is the largest integer less than
or equal to α. If f (n) exists and is continuous, then the fractional derivative of Caputo, by the left,
CDα

a+ f , is defined as

(
CDα

a+ f
)
(x) =

(
In−α
a+ f (n)

)
(x) =

1
Γ(n − α)

∫ x

a

f (n)(t)
(x − t)1+α−n dt, x ∈ (a, b).

In the above definition, Γ(α), with α > 0, represents the usual gamma function. Since
we will not be utilizing any other fractional derivative, we will omit the C in the definition
of a Caputo derivative, denoting it simply as Dα f .

Proposition 1. Let α > 0 and n := [α] + 1. If f has continuous derivatives up to order n − 1,
and f (n) is absolutely continuous, then

(Iα
a+Dα

a+ f )(x) = f (x)−
n−1

∑
k=0

f (k)(a)
k!

(x − a)k.

Proof. See Lemma 2.22 in [12].

The linearity of the classical integral implies the linearity of the fractional integral.
Furthermore, we have the following result.

Proposition 2. Let α ≥ 0 and β > 0; then,

(
Iα
a+(t − a)β−1

)
(x) =

Γ(β)

Γ(β + α)
(x − a)β+α−1.

Proof. See formulas (2.1.16) of [12].

4. Fractional Catenary Curve

Let α ∈ (R+ \ N) and n := [α] + 1. A common method to extend the classical
model to the fractional context involves introducing the fractional derivative operator into
expression (2), thereby replacing the classical derivative with the fractional one; see [4,6],

u = Dα
a
2+

y. (8)

On the other hand, physical conditions require that the resulting curve be symmetric.
Keeping this in mind, we consider the following equation (see Equation (1)):

1
c

∫ x

a/2

√
1 + (u(t))2dt = u(x),

a
2
< x < a. (9)

If we take the derivative, we obtain the fractional differential equation

1
c

√
1 +

(
Dα

a
2+

y(x)
)2

= D1+α
a
2+

y(x), (10)

with boundary conditions

y(a) = 0, y′
( a

2

)
= 0, · · · , y(n)

( a
2

)
= 0. (11)

Equation (9) is the same as Equation (1); thus, the solution is given by (5),

u(x) = sinh
(

1
c

x + c1

)
,

a
2
< x < a, (12)



Mathematics 2024, 12, 2148 5 of 9

for some constant, c1. From Proposition 1, we get

y(x)−
n

∑
k=0

y(k)+

( a
2
)

k!

(
x − a

2

)k
=

(
Iα

a
2+

Dα
a
2+

y
)
(x) = Iα

a
2+

u(x). (13)

On the other hand, using (12) and the linearity of fractional integral, we obtain

Iα
a
2+

u(x) =
∞

∑
k=0

1
(2k + 1)!

Iα
a
2+

(
1
c

x + c1

)2k+1
. (14)

Since
(

1
c

x + c1

)2k+1
=

(
1
c

)2k+1 2k+1

∑
j=0

(
2k + 1

j

)( a
2
+ c · c1

)2k+1−j(
x − a

2

)j
,

then Propositions 2 and (11) yield

y(x) =
n

∑
k=0

y(k)
( a

2
)

k!

(
x − a

2

)k
+ Iα

a
2+

u(x)

= y
( a

2

)
+

∞

∑
k=0

(
1
c

)2k+1 2k+1

∑
j=0

1
(2k + 1 − j)! Γ(j + 1 + α)

( a
2
+ c · c1

)2k+1−j(
x − a

2

)j+α
.

By hypothesis, the n-th derivative of y exists at a/2. Since α − n < 0, then

a
2
+ c · c1 = 0,

otherwise, y(n)(a/2) would not exist. This particular value of c0 corresponds to the classical
case, as depicted in (6). Therefore, (11) suggests

y(x) =
∞

∑
k=0

(
1
c

)2k+1 1
Γ(2k + 2 + α)

[(
x − a

2

)2k+1+α
−

( a
2

)2k+1+α
]

,
a
2
≤ x ≤ a.

The fractional catenary curve yα is given by

yα(x) =

{
y(a − x), 0 ≤ x ≤ a

2 ,
y(x), a

2 ≤ x ≤ a.
(15)

When α = 1, employing the Taylor series of the hyperbolic cosine yields the classical
catenary (7). In the fractional scenario, the minimum is given by

yα

( a
2

)
= −cα

∞

∑
k=0

1
Γ(2k + 2 + α)

( a
2c

)2k+1+α
. (16)

5. Physical Experiments

The experiment consisted of capturing several images of a hanging chain to determine
the shape of the curve formed by the chain. A scanner was placed vertically with the chain
positioned in front of it. When a photograph of the hanging chain is taken with a camera,
the resulting curve depends on the angle of the photograph. However, this method avoids
any dependence on the angle in the image.

Note that the function y(x), given in (15), depends on the parameter c, which in turn
depends on the linear density of the chain. The criterion we used to determine the value of
c is the one that minimizes the error in approximating y(x) to the curve determined via
the chain, taking a fixed value of the index α. In Figure 2a,c, the classical catenary curve is
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shown in blue. As we can observe from Table 1, when α is 1, the errors are smaller compared
to the fractional case, with curves in red (α = 0.28, c = 0.9), yellow (α = 1.5, c = 0.78), and
orange (α = 0.05, c = 0.93) when a = 5.1 and in red (α = 0.1, c = 3.46), yellow (α = 1.5,
c = 11), and orange (α = 0.05, c = 3.42) when a = 14.71; see Figure 2b,d. Indeed, in the
classical case, the error is 0.042 cm when a = 5.15 cm and 0.028 cm when a = 14.71 cm,
considerably lower than in the fractional case; see Table 1. The errors in the figures were
measured using Digimizer 2024, an image analysis software package that allows precise
manual measurements (see [14]). In this way, in Figure 2b,d, we see that the fractional curves
(i.e., α ̸= 1) deviate from the curve determined according to the chain. In other words, the
fractional solution (15) does not model the curve produced via the chain.

(a) a = 5.15, c = 0.845. (b) a = 5.15, α = 0.28, 0.05, 1.5.

(c) a = 14.71, c = 6.85. (d) a = 14.71, α = 0.1, 0.05, 1.5.

Figure 2. Weightless pendant chain.

Table 1. Different values for fractional catenary parameters; see (15).

a (cm) α c Error (cm)

0.05 0.925 0.361
5.15 0.28 0.9 0.273

1 0.845 0.017
1.5 0.78 0.079

0.05 3.42 0.264
14.71 0.1 3.46 0.241

1 6.85 0.009
1.5 11 0.206

Next, we will modify the system by placing a weight of 4.344 grams at the center of
the chain in both cases, i.e., for a = 5.15 and a = 14.71. In Figure 3a,c, the classical curve,
shown in blue, corresponds to α = 1. In this case, the errors are 0.258 cm when a = 5.15
and 0.307 cm when a = 14.71. On the other hand, by selecting the fractional index α that
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best fits the curve, it turns out that, for a = 5.15, the error is 0.19 cm, and when a = 14.71,
the error is 0.16 cm; see Figure 3b,d. This means that the perturbation is better modeled
with a fractional index; see (16).

It may be of particular interest to model the minimum height of the chain with the
weight, as this can occur, for example, in a cable car cable. In this case, we see that the
actual minimum height is −8.324 when a = 5.15. In the classical case, the error is 0.252, and
in the fractional case with α = 0.28, the error is 0.012. On the other hand, when a = 14.71
cm, the minimum height is −4.668. In the classical case, the error is 0.325 cm, and in the
fractional case with α = 0.1, the error is 0.053 cm.

(a) α = 1, c = 0.85. (b) α = 0.28, c = 0.9.

(c) α = 1, c = 6.85. (d) α = 0.1, c = 3.46.
Figure 3. Weighted pendant chain.

6. Conclusions

It is well known that fractional calculus is useful for modeling certain phenomena,
such as temperature controllers [15] or battery charges [16]. However, we can conclude
that this is not always the case. Introducing a fractional index arbitrarily into a model
based on ordinary differential equations can lead to results that deviate significantly from
expectations. Some authors argue that modeling with fractional calculus provides an
advantage by adding an additional degree of freedom, the fractional index α. While this
can be true, our study shows that the best results may be obtained by not modifying this
parameter, i.e., by setting α = 1.
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In summary, the main contribution of our work lies in advocating for the rational use
of fractional calculus. The simplicity and replicability of the model studied here underline
its value, demonstrating that this approach is not merely a matter of substituting classical
derivatives with fractional ones and performing analytical or numerical manipulations
without real value. Our study, conducted with the Caputo derivative, can serve as a starting
point for analyzing the real behavior of a chain with other fractional derivatives as well;
see, for example, the excellent paper [17].

On the other hand, we have observed that fractional calculus can be useful for model-
ing a perturbation of the original phenomenon. In our case, the minimum height of the
weighted chain is better modeled using fractional calculus. Specifically, the approximation
error at the minimum point decreases by approximately twenty percent.
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2
Control óptimo de ecuaciones

diferenciales fraccionarias lineales en el
sentido de Caputo

2.1 Artículo

El contenido de este capítulo está basado en el artículo titulado Optimal control of
linear fractional differential equations in the Caputo sense, publicado en la revista Journal
of Computational and Applied Mathematics. En dicho trabajo se estudian ecuaciones
diferenciales fraccionarias lineales en el sentido de Caputo desde la perspectiva del
control óptimo.

En este capítulo se estudian ecuaciones diferenciales fraccionarias lineales en el
sentido de Caputo desde la perspectiva del control óptimo. El problema considerado
consiste en determinar un control acotado que permita conducir la dinámica del sistema
hacia el origen en el menor tiempo posible.

Para abordar este problema, primero se analizan las propiedades básicas de las
ecuaciones diferenciales fraccionarias involucradas y se establece la existencia y unicidad
de sus soluciones. Posteriormente, se demuestra la existencia de controles óptimos de tipo
bang-bang, es decir, controles que alcanzan únicamente los valores extremos permitidos.
Además, se obtiene un principio del máximo análogo al de Pontryagin para este contexto
fraccionario, el cual proporciona una condición necesaria para la optimalidad de los
controles.

Finalmente, se presentan dos ejemplos de aplicación. El primero corresponde a un
problema de equilibrio, mientras que el segundo estudia el movimiento de un vagón
controlado mediante una fuerza externa. Estos ejemplos permiten comparar el compor-
tamiento de los modelos clásicos y fraccionarios, mostrando que la elección entre ambos
depende de las características particulares del sistema y de las condiciones iniciales
consideradas.
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3
Conclusión

• Capítulo 1: En este capítulo se obtuvo la ecuación de la catenaria fraccionaria
con el uso de las derivadas de Caputo, de tal forma que esta ecuación mantuviera
la simetría que presenta el fenómeno físico. Una vez obtenida esta solución, se
comparó con la solución clásica de la catenaria usando los datos que se obtuvieron
al analizar la curva catenaria formada por diferentes tamaños de la misma cadena.
Los datos mostraron que el mejor modelo que aproxima la forma de la curva
es cuando α es igual a 1, es decir, el modelo clásico lo describe mejor que el
fraccionario. La curva de la cadena se modificó añadiendo pesos en su centro, de
tal manera que se generó una perturbación que la afectara globalmente, donde la
curva de la catenaria tenía una forma diferente a su estado natural. Este cambio
fue modelado mediante las versiones clásica y fraccionaria. Se pudo apreciar que la
ecuación fraccionaria describió mejor la curva con peso añadido que la expresión
clásica, además, mejoró la predicción de la altura mínima comparada con la
ecuación clásica. La introducción de derivadas fraccionarias en un modelo clásico
debe estar justificada por la evidencia física o experimental, ya que la presencia
de un parámetro fraccionario no garantiza una mejora en la modelación.

• Capítulo 2: Se abordó un problema de control óptimo en tiempo para ecuaciones
diferenciales fraccionarias lineales en el sentido de Caputo, en el cual se busca un
control acotado que lleve la dinámica del sistema al origen en el menor tiempo
posible. Se demostró la existencia de un control óptimo de tipo bang-bang, así como
un principio del máximo análogo al de Pontryagin para este contexto fraccionario,
extendiendo así estos resultados clásicos de la teoría de control al caso fraccionario.
Para ilustrar estos resultados, se analizaron dos ejemplos: un problema de equilibrio
y el desplazamiento de un vagón con dos motores. En el primero, se observó que
siempre es posible elegir un índice fraccionario que minimice el tiempo óptimo
de llegada al origen. En el segundo, se mostró que la conveniencia de emplear el
modelo clásico o el fraccionario depende de las condiciones iniciales del sistema,
de manera que ninguno de los dos enfoques resulta preferible en todos los casos.
Esto confirma que la elección entre un modelo clásico y uno fraccionario debe
sustentarse en las características particulares del sistema que se quiere modelar, y
no asumirse de manera automática.
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