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Abstract

We give sufficient conditions to ensure when a mapping 7 : E — E has a unique fixed
point, E is a set of measurable functions that is uniformly continuous, closed, and con-
vex. The proof of the existence of the fixed point depends on a certain type of sequential
compactness for uniformly integrable functions that is also studied. The fixed point theo-
rem is applied in the study of the uniqueness and existence of some Fredholm and Caputo
equations.

Keywords Fixed point theorem - Uniform integrability - Fredholm equations - Caputo
fractional equations - Sequential compactness
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1 Introduction and statement of the results

Let E be a non-empty set and 7 : E — E be a mapping. We say that 7 has a fixed point
if there exists an x € E such that 7(x) = x. The literature on fixed point theorems is very
abundant. This is due to its elegant theoretical aspect and its many applications in differen-
tial equations, game theory, and functional analysis, to name just a few. Broadly speaking,
there are two results that helped drive the study of fixed point theorems. Namely, Banach’s
contraction principle and Browder’s fixed point theorem. In the first case, it is assumed that
E is a complete metric space and T is a contraction. On the other hand, in the second case
it is assumed that E is a compact set, and the mapping 7 is non-expansive. Based on them,
the study of fixed point theorems has diversified into different aspects, which are active
branches of non linear analysis.

In the case where E is a complete metric space, one aspect in the study of fixed point
theorems is to weaken the definition of metric, see for example [1, 7, 10, 15, 18, 19] and
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ARTICLE INFO ABSTRACT

MSC: The SIS model is a fundamental tool in epidemiology for understanding the spread of infectious
65L12 diseases. This article focuses on the stochastic SIS model, introducing randomness through the
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disease transmission parameter. The study investigates the behavior of the model, revealing the
conditions for the recurrence or extinction of the disease. In particular, it addresses the calculation
of the conditional expected time for the disease to exceed a certain threshold, using both Laplace
First moment transforms and numerical techniques for its specific application. Real-world phenomena are
Asymptotic behavior discussed, and a method for determining the most suitable stochastic parameter is proposed,
Some real-world SIS epidemic models with examples such as gonorrhea and pneumococcus.

65L70
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1. Introduction

The SIS (Susceptible-Infectious-Susceptible) model is a classic mathematical epidemiology model used to describe and understand
the spread of infectious diseases within a population. In this model, individuals can be categorized into two states: susceptible
(S), representing those who can contract the disease, and infectious (I), representing those who are infected and can transmit the
disease to others. The SIS model serves as a foundational framework for comprehending the dynamics of infectious diseases within a
population. It stands as a crucial tool in epidemiology for predicting disease dissemination and assessing public health interventions,
such as vaccination and social distancing (for instance, refer to Mollison [1] and the related references cited therein).

Let us denote by S, and I; the numbers of susceptible and infected individuals at time ¢, respectively. We assume that the birth
and death rates in the population are the same, leading to a constant population size denoted as N over time. Symbolically, the
dynamics of the SIS epidemic model are described by the following system of differential equations:

ﬁ=(5+y)1_ﬂs.[ 1.1
dt t N t 1>
ﬁ=£S-1—(13+y)1. (1.2)
dt N t t t

Here, b > 0 represents the rate at which an infected person recovers, and y > 0 is the death rate. We will introduce randomness to the
crucial term g € R, which is associated with disease transmission. This method of introducing randomness into a system is widely
recognized and referred to as stochastic parameter perturbation (refer to [2] for more information).

Using the assumption of a constant population over time, instead of considering a system of differential equations, we focus on
a single differential equation. In this approach, by introducing stochastic parameter perturbation, we address a single stochastic
differential equation corresponding to the number of infected individuals (referred to as equation (2.2)).
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1. Introduction

The study of population growth models dates back to 1798 when Thomas Robert Malthus wrote an essay on the exponential
growth of population and the linear growth of resources. Modeling the growth of a system is a classic topic in applied mathematics;
additionally, due to its importance, its applications in the real world, and the complexity of the problem, this is a current issue (see,
for example, [25], [4], [27], [21], [20], [14], [11], [10] and the references contained therein).

In our case, we will consider the growth of a population in which the environment (or ecosystem) has the property of maintaining
at most a population of size K > 0 indefinitely, we will say that the environment has a carrying capacity K. Furthermore, we will
assume that the quality of the environment is determined by a parameter A € R. In this case, if X, is the size of the population at
time ¢ > 0, then it is well known that the dynamics or growth of the population is determined by the logistic differential equation

d

X=X (K= X)), 1>0, (1.1)

where X, = x> 0 is the initial population. In this case, the solution is given by the sigmoidal function

xoK

=— 120. (1.2)
xg + (K — xg)e= Kt

t
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Resumen

Esta tesis aborda dos temas principales. En primer lugar, se explora un teorema de punto fijo,
el cual entre muchas aplicaciones es una herramienta fundamental en la demostracién de soluciones
para una amplia gama de ecuaciones diferenciales, tanto ordinarias como parciales. Este teorema se
formula en el contexto del espacio de funciones uniformemente integrables.

En la segunda parte, se adopta un enfoque estocastico al trabajar con dos modelos matematicos,
los cuales se muestran en los capitulos dos y tres. El objetivo es calcular el primer y segundo momento
de primera pasada, es decir, el tiempo promedio que un proceso estocastico requiere para pasar de un
estado a otro. El primer modelo que se examina, usualmente conocido como SIS, divide la poblacién
en dos clases: susceptibles e infectados. Este modelo se utiliza para analizar el comportamiento de
enfermedades infecciosas y como se produce el intercambio entre ambas clases. El segundo modelo
es el crecimiento logistico, ampliamente conocido por modelar el crecimiento de poblaciones.

Para ambos modelos, se aplican los resultados teéricos en datos reales. En efecto, se evalia
si estos datos se ajustan a los modelos propuestos y, finalmente, se calculan valores esperados de
manera numérica. Es importante destacar que los datos reales utilizados son de relevancia clinica o
poblacional, lo que anade un componente practico significativo al andlisis realizado.



Abstract

This thesis addresses two main topics. Firstly, it explores a fixed-point theorem, which, among
many applications, is a fundamental tool in proving the existence of solutions for a wide range of
differential equations, both ordinary and partial. This theorem is formulated within the context of
the space of uniformly integrable functions.

In the second part, a stochastic approach is adopted by working with two mathematical models,
which are presented in chapters two and three. The objective is to calculate the first and second
moments of the first passage time, that is, the average time a stochastic process requires to transition
from one state to another. The first model examined, commonly known as the SIS model, divides
the population into two classes: susceptible and infected. This model is used to analyze the behavior
of infectious diseases and how the exchange between these two classes occurs. The second model is
the logistic growth model, widely recognized for modeling population growth.

For both models, the theoretical results are applied to real-world data. Specifically, it is evalua-
ted whether these data fit the proposed models, and finally, some expected values are calculated
numerically. It is important to note that the real-world data used are of clinical or population
relevance, adding a significant practical component to the analysis conducted.



Introduccion

Objetivos y alcance

Las ecuaciones diferenciales son una herramienta fundamental en el estudio y comprension de
una amplia gama de fenémenos, abarcando desde aspectos sociales, como el comportamiento de
enfermedades contagiosas, hasta fendmenos fisicos, econémicos y financieros [8]. El enfoque de este
trabajo es en dos aspectos centrales.

En primer lugar, se establece un nuevo teorema de punto fijo, el cual proporciona condiciones
suficientes para garantizar la existencia de un valor fijo tinico en el contexto de una transformacion
T que opera en un espacio de funciones medibles uniformemente integrables, cerradas y convexas a
¢él mismo.

FEn segundo lugar, el estudio se centra en ecuaciones diferenciales estocasticas. Estas emergen a
partir de ecuaciones diferenciales ordinarias al introducir ruido aleatorio en uno de sus pardmetros,
método conocido como perturbacién estocastica de pardmetros [3], lo que permite que el modelo se
ajuste mejor a la realidad. Esta modificacion da lugar a una variedad infinita de posibles procesos
para un mismo modelo. El objetivo es considerar todas las trayectorias posibles que puede seguir el
proceso y calcular el tiempo promedio que le toma alcanzar un nivel de interés particular por primera
vez, ya sea superior o inferior al nivel inicial. Este tiempo promedio es crucial, ya que proporciona
informacién valiosa para la implementacion de politicas de prevencién o intervencién en diferentes
escenarios. Para calcular este valor esperado se utilizan herramientas de andlisis numérico, para
posteriormente hacer el calculo de dichos valores esperados en escenarios con datos reales de diversos
fenémenos sociales, algunos de estos datos se retoman de [25], [32]. Los escenarios que se consideran
son el crecimiento poblacional, la proliferacion de células cancerosas, la propagacion de enfermedades
infecciosas como la gonorrea y el neumococo, y el crecimiento en tamano de poblaciones de peces
guppy.

Esta investigacion no solo amplia nuestro entendimiento tedrico de los sistemas dinamicos sub-
yacentes a estos fendmenos, sino que también proporciona herramientas practicas para abordar y
gestionar situaciones concretas en la realidad.

Organizacion del trabajo
La tesis esta organizada de la siguiente forma:

Capitulo 1: El objetivo principal del trabajo presente en este capitulo es el de establecer un
teorema de punto fijo sobre un espacio métrico completo, cerrado, convexo y uniformemente
integrable y una transformacién que no es necesariamente una contracciéon. Como introduccién
al articulo, presentado en la segunda seccion del capitulo, se recuerdan algunos teoremas de

4



CAPITULO 0. INTRODUCCION 5

punto fijo (por ejemplo [6]) y las distintas condiciones que estos requieren. Posteriormente se
presentan los conceptos sobre los que se sustenta el teorema de punto fijo para finalmente dar
los enunciados importantes del trabajo realizado.

Capitulo 2: En este capitulo se presenta el primer trabajo con ecuaciones diferenciales esto-
casticas, se trabaja con el modelo matematico SIS (Susceptible-Infeccioso-Susceptible), el cual
es un modelo clasico en epidemiologia. Este modelo se utiliza para describir y comprender
la propagacion de enfermedades infecciosas en una poblacién, analizando el intercambio de
individuos entre las clases de susceptible e infectado (ver [9]).

En la introduccién del capitulo se da a conocer el sistema dinamico de ecuaciones diferenciales
ordinarias que definen el modelo. Se establece lo que representa cada uno de los paramétros
utilizados y a cual de éstos se le agrega el ruido aleatorio obteniendo asi un modelo estocastico.

Capitulo 3: Aqui se presenta otra ecuacién diferencial estocastica, la cual tiene como base
una ecuacién diferencial ordinaria conocida, la ecuacién que modela el crecimiento logistico.
Se estudia el comportamiento del modelo al agregar ruido aleatorio a uno de los pardmetros
que rigen dicho modelo. Esto con el mismo fin que en el capitulo anterior, calcular el valor
esperado que le toma al proceso estdcastico pasar por un nivel de interés, dado que inicio
en un nivel superior o inferior. Ademas, aqui se expone el hecho de que este modelo es una
generalizacion del modelo estudiado en el capitulo anterior. Por iltimo, al igual que en el
modelo SIS se hace el cdlculo numérico del valor esperado de interés aplicado a casos con
datos reales.



Un teorema de punto fijo en el
espacio de funciones integrales y
aplicaciones

Sea E un conjunto no vacio y 1" : E — E una transformacion. Se dice que 1" tiene un punto fijo
si existe un x € E tal que T'(x) = x. La literatura sobre teoremas de punto fijo es muy abundante.
Esto se debe a su elegante aspecto tedrico y a sus muchas aplicaciones en ecuaciones diferenciales,
teoria de juegos y andlisis funcional, por nombrar sélo algunas. En términos generales, hay dos
resultados que ayudan a impulsar el estudio de los teoremas de punto fijo. A saber, el principio de
contraccion de Banach [16] y el teorema del punto fijo de Browder [5]. En el primer caso, se supone
que E es un espacio métrico completo y T es una contraccién. En cambio, en el segundo caso se
supone que E es un conjunto compacto, y la transformacién 71" es no-expansiva. A partir de ellos
el estudio de los teoremas de punto fijo se ha diversificado en diferentes aspectos, que son ramas
activas del andlisis no lineal, ver [22].

En el caso en que E sea un espacio métrico completo, un aspecto importante en el estudio de los
teoremas de punto fijo es debilitar la definicion de métrica, véase por ejemplo [30], [34], [15], [31],
[42], [43] y las referencias dadas alli. Cuando E es un conjunto compacto, el resultado clésico es
el teorema de Edelstein, que tiene muchas generalizaciones importantes, por ejemplo ver [10], [14],
[40], [39], [38] o las referencias en ellos.

Se denota con (X, A, ) a un espacio de medida y por L(u) = L(X, A, 1) al espacio de funciones
integrables, ademds si « € L(p), se denota con ||z|| = [ |z|du, como la norma de z.

Teorema 1.1 Sea F C L(p) un conjunto cerrado, convexo y uniformemente integrable. Sea T :
E — E una funcién. Si el mapeo x — ||z — Tx|| es cuasiconvexo, semicontinuo inferior y si

1
Sl =Tl < e =yl
siempre implica que
) 1 1
1Tz = Tyll < méx § ll = yll, 5 (ly = Tz]| + lle = Tyll), 5 (lz = Tl + lly = Tyll)
para todo z,y € E con x # y, entonces T tiene un tinico punto fijo.

6



CAPITULO 1. TEOREMA DE PUNTO FLJO 7

La importancia de este resultado radica en que no se asume la condiciéon de compacidad sobre
E. Del mismo modo, E es efectivamente un espacio métrico completo, sin embargo, la aplicacién
T no es necesariamente una contraccion. En el caso de no expansividad existen algunos resultados
en este sentido, ver por ejemplo [13], sin embargo en ellos se asume la compacidad. De esta manera
el teorema anterior no cae en el contexto clasico. Ademads, nétese que FE tiene un orden parcial
natural, sin embargo, también en este caso la revisién de la literatura sobre teoremas de punto fijo
en espacios métricos ordenados indica que no existen resultados similares.

Como se sabe, cuando se estudia la existencia de un punto fijo una forma de proceder es consi-
derar una funcién continua de la forma x — d(z, T'x) y verificar que dicha funcién alcanza su infimo
en 0. Esto funciona bien cuando el espacio métrico E es compacto. Aqui la falta de esta propiedad
esta cubierta por el siguiente resultado, que es un tipo de compacidad secuencial.

Teorema 1.2 Sea (f;)icr una red en L(u). Para cada i € I se denota por C; = co{f; : j > i} la
envolvente convexa (casco) de todas las fj, j > 4. Si (f;)ier es uniformemente integrable, entonces
para cada i € I existe g; € C; tal que (g;);cr converge en L(u) a una funcién medible de valor real

g.

Todas las sucesiones uniformemente integrables estan acotadas en L,(p), 1 < p < +oo. Si
1 < p < +o0 entonces el teorema de Mazur implica que existe una sucesién convergente en el casco
convexo de la sucesién completa. Este resultado no necesariamente es cierto cuando p = 1. Ademads,
un punto clave es que en el Teorema 1.2 la nueva red se construye en la cola de la envolvente convexa
de la primera red. Estas consideraciones son fundamentales, como se expone en la demostracién del
Teorema 1.1 (véase en particular la demostracién del Lemma 2.1). La importancia de este trabajo
radica en el Teorema 1.2, el cual puede tener una gran variedad de aplicaciones en diferentes ramas
de las matemadticas, véase por ejemplo [41], [29], [44], [45].

1.2. Articulo
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compactness for uniformly integrable functions that is also studied. The fixed point theo-
rem is applied in the study of the uniqueness and existence of some Fredholm and Caputo
equations.

Keywords Fixed point theorem - Uniform integrability - Fredholm equations - Caputo
fractional equations - Sequential compactness
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1 Introduction and statement of the results

Let E be a non-empty set and 7 : E — E be a mapping. We say that 7 has a fixed point
if there exists an x € E such that 7(x) = x. The literature on fixed point theorems is very
abundant. This is due to its elegant theoretical aspect and its many applications in differen-
tial equations, game theory, and functional analysis, to name just a few. Broadly speaking,
there are two results that helped drive the study of fixed point theorems. Namely, Banach’s
contraction principle and Browder’s fixed point theorem. In the first case, it is assumed that
E is a complete metric space and T is a contraction. On the other hand, in the second case
it is assumed that E is a compact set, and the mapping 7 is non-expansive. Based on them,
the study of fixed point theorems has diversified into different aspects, which are active
branches of non linear analysis.

In the case where E is a complete metric space, one aspect in the study of fixed point
theorems is to weaken the definition of metric, see for example [1, 7, 10, 15, 18, 19] and
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the references given there. When E is a compact set the classical result is Edelstein’s theo-
rem which has many important generalizations, for a recent account of the theory see for
instance [5, 8, 11, 14, 17] or the references in them.

To state the fixed point theorem let us introduce some notations. Let (X, .A, u) be a
measure space. We will denote by L(u) = L(X, A, u) the space of integrable functions. If
x € L(p), we will write ||x|| = [ |x|dp.

Theorem 1.1 Let E C L(u) be a set which is closed, convex, and uniformly integrable. Let
T : E — E be a function. If the mapping x — ||x — Tx|| is quasi-convex, lower semi-contin-
uous and if

1
Sl = Tl < flx =y
always implies

1
I Tx — Ty|| < max { e =1l 5 (lly = Tl + llx = Tyl

| 1.1)
S =Tl + 1y = 51D }.

for all x,y € E with x # y. Then T has a unique fixed point.

The importance of this result lies in the fact that the compactness condition is not
assumed on E. Similarly, E is indeed a complete metric space, however, the application 7'
is not necessarily a contraction. In the case of non-expansiveness there are some results in
this sense, see for example [9], however compactness is assumed in them. In this way the
previous fixed pint theorem does not fall into the classical context. Furthermore, note that
E has a natural partial order, however also in this case our literature review on fixed point
theorems on metric spaces indicates that there are no similar results.

As it is known, when studying the existence of a fixed point one way to proceed is to
consider a continuous function of the form x — d(x, Tx) and verify that such function
reaches its infimum at 0. This works very well when the metric space E is compact. Here
the lack of this property is covered by the following result, which is a type of sequential
compactness, that we consider being important in itself.

Theorem 1.2 Let (f;),e; be a net in L(u). For each i € I we denote by C; = co{f; : j = i} the
convex envelope (hull) of all f;, j 2 i. If (f,);e; is uniformly integrable, then for each i € 1
there exists g; € C; such that (g,);c; converges in L(i) to a real-valued measurable function

8.

All uniformly integrable sequences are bounded in L7(u),1 <p < 4+o0. If 1 <p < +o0
then Mazur’s theorem implies that there is a convergent sequence in the convex hull of the
whole sequence. This result is not necessarily true when p = 1. Moreover one key point is
that in Theorem 1.2 the new net is built in the tail of the convex hull of the first net. These
kind of considerations are fundamental as we will see in the proof of Theorem 1.1 (see in
particular the proof of Lemma 2.1). We think that Theorem 1.2 can have a wide variety of
applications in different branches of mathematics, see for example [6, 12, 20, 21].

Fixed point theorems are particularly useful for proving the existence of solutions of dif-
ferential and integral equations. In our case, we will see that Theorem 1.1 can be applied to
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demonstrate the uniqueness and existence of certain types of Fredholm equations and some
fractional differential equations in the Caputo sense, which is an area of recent interest in
fixed point theory.

The article is organized in the following manner. In Sect. 2 we give the proof of Theo-
rem 1.1, in Sect. 3 we study the applications of the fixed point theorem, and Sect. 4 is dedi-
cated to the proof of Theorem 1.2.

2 Proof of the fixed point theorem

The demonstration of the fixed point theorem is based on a minimal principle that we
examine next. We recall that a family F of .4 measurable functions is uniformly integrable
if for all € > 0 there exists w, € L(u), w, > 0, such that

sup / luldu < e,
ueF

{lul>w,}

where sets like {|u| > w,} mean {r € X : |u(?)| > w.(1)}.

Lemma 2.1 Let E C L(u) be a closed convex set that is uniformly integrable. Let
T : E — E be a function. If the mapping x — ||x — Tx|| is quasi-convex and lower semi-
continuous, then there exists x° € E such that

Ix° = Tx°|| = inf ||x — Tx]].
xeE

Proof Set «a =inf g|lx—Tx|| and let (xn) be a minimizing sequence,
a = lim |lx, — Tx,||. For € > O there is n, € N such that

n—-+o0o

llx, = Tx,|| < a +¢€, foralln > ny. 2.1)

By Theorem 1.2 there exists a sequence (yn) in L(u) such thaty, € C, = co{x; : i > n}, for
all n € N and let y° € L(u) such that (y,) converges to y° in L(u). Let us see that the infi-
mum is reached at y°. Since

kn
= Z A%y s Withn(n) 2 n,
i=1

then the quasi-convexity property of x — ||x — Tx|| yields

k

n

kl’l
”yn - Tyn” = Z /l?xn[(n) =T ﬂ?xn,»(n)
i=1 i=1

< max{|x, ., — Txni(n)ll ti=1,...,k,}.

n;(n)

If n > ng then (2.1) implies ||y, — 7y, || < a + €. Considering lim, =10, in L(u), the

lower semi-continuity of x — ||x — Tx|| implies

n—+oo yn

Iy* = °Il < lim inf [ly, = Ty, || < @ +&.

Letting € | 0, in the previous inequality we deduce ||y, — Ty, || < a.
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On the other hand, since E is closed, then y* € E. The definition of a, implies
a < Y0 = DO O

Now we proceed to prove the fixed point theorem.

Proof of Theorem 1.1 By Lemma 2.1 there exists z° € E such that

12 = T2°|| = inf ||z — Tz]|.
z€E

Let us see that z¥ is the fixed point that we are looking for.
If||z° — T2°|| > O, then%”zo — T < ||12° = TZ°||. Thus

1720 = T < max {120 = Tl 31122 = T2,
21 = 720 + 172 = 1))
Since [|z° = T(T)|| < [12° = T2°|| + || T2° = T(T2%)||, then
1722 = T2 < max { 120 = 727, %(nz‘) =T + I - TaON) }.
We have two possibilities

1T2° — T(TO)|| < |I2° = T2

or well
1
172° = T(TO)|| < E(IIZO — T2 + 1 T2° = T(TO).
Any of the two cases turns out

I172° — T(TO) < II2° = 2",

which is a contradiction to the minimality of z°. Therefore 77° = z°.
Now let us see the uniqueness. Let x be other fixed point, 7x° = x°. Suppose x° # 2,
thus

S0 =70 =0 < I — 2.
The hypothesis implies
K0 = 2%l = ITx" = T2°|
<max {120 = 21 3 (I =%l + 14° - 1), 0}
= IIx" = 2°I.
That is, [|x° — 2°|| < ||x° — Z°||. Which is absurd, hence x° = 2°. O

Corollary 2.2 Let E C L(u) be a closed convex set that is uniformly integrable. Let
T : E — E be a function. If the application x — ||x — Tx|| is quasi-convex and lower semi-
continuous and
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ITx =Tyl <llx=yll, xy€E, x#y, 2.2)

then T has a unique fixed point.
Proof Since
o=yl < max { b=l 3 by = Tl + llx = T,
=Tl + Iy = 7510 }.

then (2.2) trivially implies (1.1). The result follows from Theorem 1.1. O

3 Applications

In this part, we are going to study two applications of Theorem 1.1.

Let U c R" denote a measurable set and let 4, : U — R be an integrable function. In
this section we assume that (X, A, u) = (U, B(U), dx), where B(U) is the Borel sigma-
algebra and dx is the Lebesgue measure. If 4, : U — R is a given non-negative integrable
function, let us define the set of dominated functions by A, as

L(U;hg) = {f € L(dx) : |f] < hy ae.}.

It is not difficult to verify that E = L(Uh,) is a closed convex subset of L(U, B(U), dx) and
it is uniformly integrable.

3.1 Fredholm equations

Let us assume that U has finite Lebesgue measure. Moreover, we have an integrable func-
tion f; : U — R and a non-negative measurable k : U X U — R. Let us see that the inte-
gral equation (a Fredholm equation of the second kind)

g(x) = fo(x) + / k(x,y)gdy, xeU, (3.1)
U
has a unique solution in L(Uh,), for some integrable function A,

Proposition 3.1 Let us suppose that

/k(x,y)dx <l, yeU, (3.2)
U
sup / k(x, MIfoldy < +oo0, (3.3)
xeU JU
sup / k(x,y)dx > sup / k(x,y)dy, (3.4)
yeU U xeU JU
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then there exists a constant ¢ > 0 such that (3.1) has a unique solution in L(U;|f,| + ¢).

Proof From (3.3) and (3.4) we see that we can take ¢ € (0, +o0) such that

sup / kCe, MIfo)ldy < c<sup / k(x, y)dx — sup / k(x, y)dy). (3.5)
xeU JuUu yeU JU xeU JUu
Let us consider the operator T : E — E, defined as
(Tg)(x) = fo(x) + / k(x,y)g(v)dy, x€ U, (3.6)
U

where E = L(U;h,) and h, := |fy| + ¢ is integrable over U, due to U has finite Lebesgue
measure. We have that 7g € E if g € E. Indeed

TR <10 + / k(x, )|g)ldy
U
<l + / ke (o)) + )y
U

<ol + SUP/
xeU

K lds -+ sup / e
U XE

U

Using (3.5) and (3.2) we can conclude that Tg € E.

We want to apply Theorem 1.1, so we need to see that g — ||g — Tg|| satisfies the
required hypotheses by such result. Let us see that g is convex. If g,,g, € E and
A+ 4, =1, withd, >0,4, >0, then

||(/11g1 17 /1282) —T (48 + /1282) I

L / (A1 + 4282)X) — T (4,8, + /lzgz)(x)ldx

= / 2181(%) + 4,8, (x) — fo(x) — / k(X,)’)(/llgl(x) + 2282(}’))61{)’ dx
U

=/ ﬂlgl(x)_ﬂ1fo(x)—/11/k(xa}’)gl()’)dy
U
+4,8,(X) — Aofp(0) — 4, / k(x,y)g,(y)dy|dx
U
S/ﬁ/ g1(x) _fo(x)_/k(x’y)gl(y)dy
U

+/12/ 82(x) —fo(x)—/k(x,y)gz(y)dy
U

= Aillgy = Tgll + A1 llgr — Tl

dx

dx

In particular g — ||g — Tg|| is quasi-convex.
If g,,8, € E, the inequality (3.2) and Fubini’s theorem yields
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1Te, — Tel =/
U

< / 1610 — 8,00 / k(x, y)dxdy (3.7)
U U

dx

/ k(x, y)g,(y)dy — / k(x, y)g,(y)dy
U U

</ |81 — g, W|dy = llg; — gl
U

This implies 7 is continuous, therefore by Corollary 2.2 there exists a unique g, € E such
that 7g, = go- O

In a sense, inequality (3.1) is apparently related to Edelstein’s fixed point
theorem, however the metric space E is not compact in general. Moreover, if
SUPyey fu k(x,y)dx < 1 the inequality (3.7) implies T is contraction and Proposition 3.1

follows from the classical contraction principle. However, in the following example T is
not a contraction but Proposition 3.1 still applies.

Example The Fredholm equation

1
g =x"12 + / ae Pg(y)dy, xe€(0,1), (3.8)
0
where a := 1/(e — 1), has a unique solution in L((0, 1);A,), for some integrable function A,

Proof First let us observe that

1
/ acPdx=e¢? <1, ye(0,1), (3.9)
0
1 1
sup / aex_zyy_l/zdy = L/ e_zyy_l/zdy < i, (3.10)
xe0,1) Jo e—1Jo it
1 1
sup / aex_zydx=a/ dx sup e =1, (3.11)
y€,1) Jo 0 y€(0,1)

1 1

_ _ 1
sup / ae* 2ydy=a/ e >dy sup ex=e+ .
x€(0,1) Jo 0 x€(0,1) 2e

Since e > 1, then (3.11) and (3.12) imply that the corresponding inequality (3.4) is also
true. To determine the function 7, defined in (3.6), it is necessary to find a constant ¢ > 0
such that (3.5) is valid, in this case

(3.12)

2e
e—1

therefore we can take ¢ := (2¢/(e — 1))*. The inequalities (3.9), (3.10) and (3.13) are the
required by Proposition 3.1, then there is a unique solution g, € L((O, Dic+x7Y 2) of
(3.8). From (3.11) it is important to observe that the application 7 is not a contraction since

e+ 1
< 1_ )a .
_c< = (3.13)
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SUpPye( f y kx, y)dx =1 (see (3.7)). In this way, the existence of solutions to (3.8) does not
fall into the classical context. O

3.2 Fractional equations

At present there is in the literature a great variety of fractional derivative concepts,
even more the number increases every year. However, some of such concepts are used
more frequently by the different applications they have. For instance, the Riemann-
Liouville derivative is used in real analysis, the derivative in the Caputo sense is used
in physics and numerical methods, and the derivative in the Grunwald-Letnikov sense
is used among others in signal processing and in automatic control. In order to show
one more application of the results previously presented, we develop in this subsec-
tion a method to prove the existence and uniqueness of solutions for certain fractional
differential equations in the Caputo sense. With appropriate adjustments we think that
the same approach can be applied to equations involving a kernel of the type (t — )%/,
0 < s < t. As will be seen right away (see for example the estimation (3.16)) such kernel
plays an important role. We believe that the same strategy can be applied to fractional
derivatives of the type Riemann-Liouville, Chen, Davidson-Essex, Coimbra, Canavati,
Jumarie, Riesz, Cossar, etc. However, for derivatives of the Caputo-Fabrizio, Atangana-
Baleanu, Marchaud, etc. type substantial changes to the method presented here may be
required. In other fractional derivative concepts that do not involve a kernel as in the
derivatives of Grunwald-Letnikov, Weyl, Hadamard, Yang, etc. it may be preferable to
resort to other schemes (see for example [2—4]).

Next, we present one more application of Theorem 1.1, namely, we will show the
existence and uniqueness of solutions for certain fractional differential equations in the
Caputo sense, as we have previously mentioned, the same scheme can be applied to
other fractional derivative concepts. More specifically we study the initial value problem

Du(t) = fu(t), t>0
u(0) = u,

(3.14)

where 0 < a < land f : (0,+00) — (0, +00) is a measurable function. The integral repre-
sentation of (3.14) is

u(t) = uy + ﬁ / (t — ) ' f(s)u(s)ds, t>0, (3.15)
0

where " is the usual gamma function.

Before we present the uniqueness and existence result we introduce some neces-
sary notation. Set A = {t > 0 : f(#) > I'(e + 1)}. We will denote by ¢, = infA, where we
introduce the convention that if A = @, then infJ = +00. For each measurable functions
g (0,400) = (0,4c0)and i : (0,400) = (0,400), let us define

k(s,t):—w-&-@—h(st), s€(0,1), te(0,+00),

g fGst)
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where

1
I(g) := / (1 -9 'g(s)ds < +00.
0
We alsoset B = {t > 0 : k(s, ) < |ug|, forall s € (0,1)} and ¢z = inf B.
Proposition 3.2 If there exist measurable functions g : (0,400) — (0,4+00) and
h : (0,400) = (0,+00), as before, such that 0 < 6 :=min{t,, 1z} < 400, then the equa-

tion (3.15) has a unique solution in L((0, 6);|uy| + h).

Proof Let us consider the application T defined on E = L((O, 0)slug| + h) as

(Tu)(t) = uy + — ) / (t — ) Yf(s)u(s)ds, te(0,5).

If u € E, then

5 1f(s1)
['(a)

From the definition of 5 we have that k(s, ) > |u,|, for each t <tz and s € (0, 1). This
implies

1
@] <l + [ 1 - (It + (st)) .
0

|u0|+h(st)_r(a)-&-@, t€(0,1,), se(,1),

I(g) fGsr) 1*
this in turn produce the inequality
|(Tu)(D)] < lug| + I )/ (1 — 9" g(s)ds. (3.16)
Thus Tu € E, therefore T : E — E.
Let us see that u — ||u — Tu|| is convex and continuous. Let u;,u, € E and 4,,1, >0
Wlth A] + 12 - 1,

14y + Aoty = T(Ayuy + Aoty ) |

)
i
0

o
o
0

= Alluy = Tug || + Aylluy — Tuy|.

1 ! r
u,(t) — ug — m/0 (t — ) f(s)u, (s)ds|dt

1 /[ _
uy(t) — uy — & /O (t — ) f(s)u, (s)ds|dt

To verify the continuity of u — ||u — Tu|| it is sufficient to note that
i1~ il < [ [ 0= 09 = o

_ /0 F(Jl‘ (Jsr)a_)|u1(s)_u2(s)|ds.
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Now, from the definition of z,, it follows that

1
mf(&’) < 1, NS (0, tB)‘

Thus, if u; # u,, then

[|[ 7w, — Tu,|| < sup &

Uy — Uy
se0.0) I'(1 + a) e 2|l (3.17)

Therefore, by Corollary 2.2 the application 7 has a unique fixed point, the solution of
(3.15). O

If sup;c.5)/(s) < T'(1 + a), then (3.17) implies that T is a contraction. The following
example tell us that the Proposition 3.2 can be applied in cases where T is not necessar-
ily a contraction, extending in this way the classical results.

Example Let0 < a < 1. We will see that

Du(t) (at“ +b+ ;) lu(t), t>0, (3.18)
w0y =1, '

where

2e _ 1 _ 1

a:=2e+_———, bi=_———, ci= ’
I +a) 20(1 + a) al/*8I(1 + a))' /e

has a unique solution in L((0, §);1 + at* + b + ¢ /1), for some 6 > 0.

Proof Le us consider the functions g : (0,+00) = (0,+c0) and % : (0, +o0) = (0, +0)
defined as

g =¢, ht)=at"+b+ %

The intermediate value theorem for integrals yields

S0

1
I(g)=/ (1 —s)*lesds = &,
0 a

for some s, € (0, 1). In this way

k(s, 1) = al"(a)%h(st)% — h(st)

zh(st){@-@—l}.

ta’

Using that i(¢) > b and h(¢) > at*, when t > 0, in the previous inequality

k(s,t)zb{@a— 1} =1, s€(0.1). t€ /0. +00).
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That is to say, the set B is empty, f; = +o00. Thus

(Tw)®)| < 1+at"+b+ % t € (0, +00).

On the other hand, let us note that

o SO _
im—— =0,
10 T(1 + )

where we remember that f(f) = (at* + b+ ¢/ t)'l. Since

M—i — —1/a
F(1+a)_3>1’ ty 1= 8al'(l + a)) ,

then there exist a #; > 0 such that

sup & = (3.19)

se.s) T(1 + a) ’
By the definition of A we have that #, = #,. Therefore 0 < 6 = ¢#; < +00, then by Proposi-
tion 3.2 the fractional equation (3.18) has a unique solution in L((0, 6);1 + at* + b + c/1).
From (3.17) and (3.19) we conclude that the corresponding application 7 is not a contrac-
tion, but we have a unique solution to (3.18). O

4 Proof of the type of sequential compactness

This section will be devoted to the proof of Theorem 1.2. We recall that a net (or
sequence) (f;);c; of measurable functions is uniformly integrable if

I1) supf Ifildp < +o0.
icl

(12) For all € > 0 there exists w, € L(u) and 6 > 0, such that [, w, < 5, with B € A,
implies

sup/[fildﬂ <e.
B

i€l

If F ={f;, :iel}, then this concept of uniform integrability coincides with the given
previously in Sect. 2 (see for example the excellent book, [16]).

If (X, A, u) is o-finite measure space, Vitali’s Convergence Theorem state that if the
sequence (f;),en C L(u) converges in measure to some measurable function f, then the

following assertions are equivalent (see [16]):

@. tim |l £l =0.
(0).  (lu;]);en 1s uniformly integrable.

(c). ,-liffio/ [fildu = [ Ifldp.
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It is important to observe that (c) does not imply (b) for nets in general. Indeed let us see
this in the following example.

Example Write (X, A) = (Z,2%) and define the measure y as follows, u(¥) =0 and
u({j}) = IZ<O(]'), where Z_y={ne€ Z : n <0} and 1Z<0 is the indicator function. The
net (f});ez» Where f,(j) =il;(j), converges in measure to 0, liquﬂof If;ldu =0 and
{f Ifildpu : i € Z}is not bounded.

The previous example tells us that Vitaili’s theorem does not hold for nets in general,

fortunately the implication (b) implies (a) is true in the nest case. Since we did not find a
specific reference for the proof, we include it.

Proposition 4.1 Let (f;),c; be a net of measurable functions that is uniformly integrable. If
(f)ies is Cauchy in measure, then it converges in L(pu) to a real-valued measurable function,

/-

Proof We begin by proving (f;),; is Cauchy in L(u). Let e > 0 be arbitrary and fixed. Since
(f)ies 18 uniformly integrable, there exists w, € L(u) such that

/ Ifildu <e, foralliel.
{Ifi1>w.}

The above inequality and the fact that {|f; — fi| > 2w} C {[f;[ > w.} U {lfy| > w,} implies
that for each j, k € 1,

/ I, — fildu
(U ~fel>2w, }

< / 2 max{[f), ;] 1l
Wi~fil>2w, )

<2 + / ; / max{[£], | }du
Eswanlfl>w) w2l w2l

<2 11y + / fildu + / 1l + / ildu
(W >w,) Wil>w,) (W >w, ) (l>w, )

< 8e.

On the other hand, using the Dominated Convergence Theorem we can find r, > 0 and
R, > 0 such that

/min{r, 2w, }du <€, forallr <r,
/ 2w du < e, forallR > R,.
(2w, >R}

Furthermore, since (f;),; is Cauchy in measure, there exists i; € I such that
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wllf; = fil > o) < Ri, for all j,k > i;.
0

Accordingly, if j, k > i; we have

/ 1 — ildu

= / If; = fildu + / If; = fildu

(Uil >2w, } {1 <2w, }
<ser [ yeslawr [ g sl
{Ifj~fx|<min{ry,2w,}} {ro<lfi=fil<2w,}
< 8e+ / min{ry, 2w, Ydu + / 2w du

{ro<lf~fil}n{Ry<2w,}
+ / 2w, du
{ro<lfi=fil}n{ro<2w. <Ry}
386+/min{r0,2we}du+ / 2w dp + Rop{lf; = fil > ro}
{(Ry<2w, }

< lle.

In this way we have proved that (f;),c; is Cauchy in L(u).
We now proceed by induction. Suppose we have chosen j, <i; <j, <i, < - <j, L1
such that

I =l < 5 forall ij> o, oo, Wi = £l < 55 forallij .

and

1
on—1"

1
U =l < 3o oo W =il <
Since (f.),c; is Cauchy in L(y), there exists j,,; € I for which
1 C L
I = A1l < ST foralli,j > j, .

Since I is a directed set there exists j,,, € I, for which j,,, >i, and j ., >]..,. Let us
take ani, , € I, withi, , > i, andi,, >j,, . Inasmuchasi, 6 >1i, > j, we conclude

I/

n+1

1
—Jill < 5

By induction we have constructed a sequence (f; ),y that is Cauchy in L(u). Therefore
(f; )nen converges in L(u) to a real-vakued measurable function f. We can now proceed to
prove that the net (f;),c; converges in L(u) to f. For € > 0 there exists n, € N such that

If, = fII < % for all n > n,.
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Letmy > n,, for which 27" < £/3. Therefore if i > j,, , then

I = £ LIV =, W+ W, = £, I+ 11, =11

S B @D
2me = 2mg 3

To estimate the second term in the right hand side of (4.1) we have used that im0 2 Jmgs
which completes the proof. O

Before continuing, let us recall one more uniform integrability equivalence that we will
use later (see [16]): A net (or sequence) (f;),c; of measurable functions is uniformly inte-
grable if

(II1) Iim sup/{m|>R} lfildu = 0.

-+ e

(I12) For all € > 0 there exists A, € A, u(A,) < +o0, such that

We also will need the following result.

Lemma4.2 Letu : [0,4+00) — [0, 1) be defined as
ux)=1—-e>*. 4.2)

Let a and p be positive real numbers, then for all x,y > 0,

1 x+y 1
1[|X—Y|Za,min{x’y}ﬁﬂ](x’ y) < y(a, B) (u< 2 ) - 5 [”(x) T u()})] )’ “4.3)
where
Lo Y
r(@.p) = e (1 e ) . (4.4)
Proof See Lemma 4 in [20]. O

Lemma 4.3 Let (f;),c; be a net of non-negative measurable functions that is uniform inte-
grable. For each i € I there exists g; € C; = co{f; 1 j 2 i} such that (g;),c; converges in
L(u) to a real-valued measurable function g.

Proof For eachi € I let us set

ti=sup{/u(f)d,u :feCi},
t0=sup{/u(f)d,u :fGCO},

where Cy =co{f; : j €I} and u is given in (4.2). Notice that (#,),; is decreasing and

0 <t <ty thisimpliest, = inf,,; t; = lim;, t,
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If f€C, then f= Z:’il Aj}‘ii, where i; € I and 2;11 4 =1, with 4; € [0,1]. Since
u(x) < x we deduce '

[t < 3, [ vilaw<sup [ isian
=1

thus #, < +o0, to conclude this we have used the uniform integrability of (f;),c;, see (I.1).
Let (#; ),y be a sequence such thati, | > i, foralln € N, and

lt, — 1 | < 1, forall n € N. 4.5)
" n

For each j € I we have the following possibilities: 7; > #; or #; < ¢; . In the first case we set
n(j) = 1 and in the second case we take an n(j) € N such that ¢, on S From the

definition of supreme in 7;, we deduce that there exists g; € C; for which

1
f— ] < /u(gj)dﬂ- (4.6)

We will see that the net (g;),, has the desired properties, at the moment we just known that
g €Cjforall jel
First let us see that (g;),e/ 18 uniformly integrable. For each j € I, g; can be written as
= Yy M, where i, > jand 377, A = 1, with 4, € [0, 1]. Thus

/@WSZM ww<m/wm 47
B k=1

iel

for each B € A. Using (4.7) conditions (I1) and (12) are easily verified.
We proceed to prove that (g;);; is Cauchy in measure. We take a > 0 and € > 0. Since
(8;)jer 18 uniformly integrable, we have by (I11) that there exists R > 1 such that

€
SUP/ |g:|du < =, forallr>R. 4.8
jel J{lgl>r) / 4 (4.8)
On the other hand, let n; € N such that

iy v R)
n 6

where y is defined in (4.4).
If j,k > i, , since %(gj +81) € C; then

g+e
/u( j : k>dﬂgzinl. (4.9)

From (4.3) we obtain
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u(lgr — gl = @)
< u(lgy — gl = a, min(g,, g;) < R) + p(min(gy, g;) > R)
1 & T8 1
= y(a,R) /”( - 5 : >dﬂ -3 / (ulgp) + u(gj))dﬂ]
+ p(g, > R) + u(g; > R).

Then, from (4.6), (4.8) and (4.9) it follows that

u(lg; — gl = @)

< |t —t |+ L -1
Y y(a,R) l’n1 +o0 2 +0o0 2 in(j)Jrl

+/ du +/ du
{g>R} {g;>R}
st s B N S 1 sl
Ty, R)|ny 2m(G)+1)  2mk)+1) n
+/ Rdu +/ Rdu
{gx>R} {g>R)}

1 3
< R n +/ |gk|dﬂ+/ |g;|ldu
y(@,R) n {Igc|>R} {Ig;|>R}

<eE.

+ §t+°° - E Ingio+1

‘ 1 1

1
+_
ny

Therefore (g;),; 1s Cauchy in measure that is uniformly integrable. The result follows from
Proposition 4.1. O

We are now in position to address the net result in its full generality.

Proof of Theorem 1.2 Let us first consider the net (ff)ie,, where fl.+ = sup{f;,0} . It is eas-
ily seen that (fl.+)l-e, is uniformly integrable. Applying Lemma 4.3 to (f;’)ie, we have that
for each j € I there exists g; € co{fl.+ : i 2 j} such that (g;);; converges in L(y) to a real-
valued measurable function g*. Thus for each j € I,

T
5. — J £+
g] i Zﬁkf;'k(/_)a
k=1

where 4, € [0.1], 3, &, = land i > J.
We consider the function

"./
~ . J r—
g =2 M
k()
k=1 v

where f7 = sup{—f;,0}. It is easy to check that (f7),c, is uniformly integrable. Using a
similar argument as in (4.7) we can prove that (g;), is uniformly integrable. Then, apply-
ing Lemma 4.3 to the net (g;);;, we have that for each r € I there exists g,” € co{g; : j > r}
such that (g,),¢; converges in L(u) to a real-valued measurable function g~. Thus for each
r € I, g~ can be written as
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Jm(r)

.lm(r) —_
2 }/ g]m(z) 2 7/ k(/m(r))

where y” € [0, 1], Z:’zl yI =1land j,, >r
Let us consider the function

/m(r)

n/‘

_ r oA /m(r) +
Z J/ngm(r) Z y lk(lm(r))
m=1

We now proceed to verify that (gj),el converges to gt in L(u). Given € > 0, since (8)jer
converges to g* in L(u), there exists i, € I such that

18 —g"ll <&, forallj> i,

If r > iy, then j, ) > r implies
n/‘
lgf = g™l < Y vllg;,, —&tll <e.
m=1

Finally, let us set

ot =
8 =8, — &,
. ")
jm(r)
2 /l lk(, ) fk(/,,,(,))
m:l k=1
n, Jm(r) .
=Y E
m=1 k=1 lkUm(r))

From this we see that g, € C, = co{f; : i > r} and it is clear that (g,),; converges in L(x)
togt—g~ =:g. O
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Aspectos del modelo de
epidemia estocastica SIS

El modelo SIS (Susceptible-Infeccioso-Susceptible) es un modelo matematico clasico de epide-
miologia utilizado para describir y comprender la propagacion de enfermedades infecciosas en una
poblacién. En este modelo, los individuos pueden clasificarse en dos clases: susceptibles (S), que
representa a los que pueden contraer la enfermedad, e infecciosos (I), que representa a los que estan
infectados y pueden transmitir la enfermedad a otros. El modelo SIS sirve de marco fundamental
para comprender la dindmica de las enfermedades infecciosas en una poblacién. Constituye una
herramienta crucial en epidemiologia para predecir la propagacion de enfermedades y evaluar las
intervenciones de salud piblica, como la vacunacién y el distanciamiento social (por ejemplo, véase
Mollison [21] y las referencias citadas en él).

Se denota por S; y I; el nimero de individuos susceptibles e infectados en el tiempo ¢, respec-
tivamente. Un hecho importante que se supone es que las tasas de natalidad y de mortalidad de la
poblacién son las mismas, lo que conlleva a un tamano constante de la poblacién N. Simbélicamen-
te, la dindmica del modelo epidémico SIS se describe mediante el siguiente sistema de ecuaciones
diferenciales:

dd—% = (5 - 7) I — %Stlta
% :%Stlt - (5 + y) I;.

En donde b > 0 representa la tasa a la que se recupera una persona infectada y v > 0 es la
tasa de mortalidad. Se introduce ruido blanco al término crucial 5 € R, el cual estda asociado a la
transmisién de la enfermedad. Este método de introducir aleatoriedad en un sistema es ampliamente
reconocido y se denomina perturbacion estocéstica de parametros (para mas informacién, consulte
3))-

Partiendo del supuesto de una poblacién constante en el tiempo, en lugar de considerar un siste-
ma de ecuaciones diferenciales, es posible trabajar solo una ecuacién diferencial. Con este enfoque,
al introducir la perturbacion estocéastica a uno de los parametros, se aborda una ecuacién diferencial
estocastica correspondiente al nimero de individuos infectados.

26



CAPITULO 2. MOMENTOS DEL SIS 27

Existen numerosas contribuciones significativas sobre el modelo SIS estocéstico (véanse [12] y
[9]). La mayoria de estas contribuciones se centran en investigar la persistencia o extincién de la
enfermedad. Otras exploran temas como la existencia de distribuciones estacionarias de la infec-
cién. En el caso presentado en este trabajo, se profundiza en el comportamiento asintético de la
enfermedad. Especificamente, se demuestra que si el nimero de reproduccién estocastica es mayor
o igual que uno, la enfermedad es recurrente. Por el contrario, si es menor que uno, la enfermedad
se desvanece en el infinito. Este resultado responde a una conjetura planteada en [9].

En situaciones en las que el nimero de reproduccion estocédstica es superior a uno, la duracién del
primer tiempo de llegada a un nivel superior al inicial resulta ser infinita. Sin embargo, condicionando
el andlisis a la ocurrencia de un tiempo finito, es posible calcular el tiempo esperado para este
primer paso. El reto para alcanzar este resultado reside en derivar una solucién explicita para la
transformada de Laplace del primer momento, que se expresa en términos de funciones monétonas
convenientes. Ademads, durante el cdlculo numérico del tiempo condicional esperado, se presentan
multiples integrales con integrandos singulares. Estas complejidades dificultan el uso de técnicas
de integracion convencionales o de software numérico estandar para este fin. En consecuencia, se
presenta un método numérico que emplea series de Taylor para abordar estos desafios.

Por el contrario, en el campo de los modelos estocasticos, no se suelen presentar criterios espe-
cificos para determinar el valor mas conveniente del pardmetro estocastico (véase, por ejemplo, [2],
[37], [51]). El enfoque en el que se basa este trabajo es considerar tanto el valor esperado del primer
momento de pasada como el valor correspondiente derivado del modelo determinista. Se lleva a cabo
este esquema bajo el supuesto de que el modelo determinista encapsula el comportamiento medio
del fenémeno en estudio. Se muestran tres modelos basados en datos obtenidos en circunstancias
reales, en concreto, la infeccién por gonorrea, la infeccién por neumococo y el peso de los peces
guppy. Una observaciéon digna de mencién es que el modelo resultante tiene una mayor generalidad
que el modelo logistico, lo que hace que los resultados presentados en este trabajo puedan aplicar-
se en escenarios en los que dicho modelo no es aplicable. Esta afirmacién se ve respaldada por la
aplicacién del modelo al peso de los peces guppy.

2.2. Articulo
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1. Introduction

The SIS (Susceptible-Infectious-Susceptible) model is a classic mathematical epidemiology model used to describe and understand
the spread of infectious diseases within a population. In this model, individuals can be categorized into two states: susceptible
(S), representing those who can contract the disease, and infectious (I), representing those who are infected and can transmit the
disease to others. The SIS model serves as a foundational framework for comprehending the dynamics of infectious diseases within a
population. It stands as a crucial tool in epidemiology for predicting disease dissemination and assessing public health interventions,
such as vaccination and social distancing (for instance, refer to Mollison [1] and the related references cited therein).

Let us denote by S, and I; the numbers of susceptible and infected individuals at time ¢, respectively. We assume that the birth
and death rates in the population are the same, leading to a constant population size denoted as N over time. Symbolically, the
dynamics of the SIS epidemic model are described by the following system of differential equations:

ﬁ=(5+y)1_ﬂs.[ 1.1
dt t N t 1>
ﬁ=£S-1—(13+y)1. (1.2)
dt N t t t

Here, b > 0 represents the rate at which an infected person recovers, and y > 0 is the death rate. We will introduce randomness to the
crucial term g € R, which is associated with disease transmission. This method of introducing randomness into a system is widely
recognized and referred to as stochastic parameter perturbation (refer to [2] for more information).

Using the assumption of a constant population over time, instead of considering a system of differential equations, we focus on
a single differential equation. In this approach, by introducing stochastic parameter perturbation, we address a single stochastic
differential equation corresponding to the number of infected individuals (referred to as equation (2.2)).
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Numerous significant contributions exist regarding the stochastic SIS model (refer to [3] and [4]). Most of these contributions
center around investigating the persistence or extinction of the disease. Others explore topics such as the existence of stationary
infection distributions. In our case, we delve into the asymptotic behavior of the disease. Specifically, we demonstrate that if the
stochastic reproduction number is greater than or equal to one, the disease is recurrent. Conversely, if it is less than one, the disease
fades out in the infinite horizon (refer to Theorem 5.2 and Theorem 5.3). This result addresses a conjecture posed in [4], as elaborated
in the following section.

In situations where the stochastic reproduction number exceeds one, the duration of the first arrival time at a level higher
than the initial level turns out to be infinite. However, by conditioning our analysis to the occurrence of a finite time, we can
calculate the expected time for this first step. The challenge in achieving this result lies in deriving an explicit solution for the
first arrival time Laplace transform, which is expressed in terms of convenient monotone functions (as presented in the formula
(4.9)). Furthermore, during the numerical computation of the conditional expected time for the first step, we find multiple integrals
with singular integrands. These complexities make it difficult to use conventional integration techniques or standard numerical
software for this purpose. Consequently, in Section 6, we present a numerical method that employs the Taylor series to address these
challenges.

On the contrary, in the field of stochastic models, specific criteria are not commonly presented to determine the most convenient
value of the stochastic parameter (see for example, [5-7]). In our approach, we rely on both the conditional expected value of the
first step time and the corresponding value derived from the deterministic model. We undertake this scheme under the assumption
that the deterministic model encapsulates the average behavior of the phenomenon under study. We show three models based on real
world events, specifically, gonorrhea infection, pneumococcus infection, and the weight of guppy fish. One noteworthy observation
is that the resulting model has a higher generality than the logistic model (see equation (2.4)), which makes our findings applicable
in scenarios where the aforementioned model is employed. This claim is supported by our application of the model to the weight of
guppy fish.

The article is organized in the following manner. In Section 2, we present the stochastic SIS model together with the fundamental
concepts. Section 3 is dedicated to the calculation of various functionals, whose values will be used later. In Section 5, we deepen the
examination of the asymptotic behavior of the stochastic model. The issue of the conditional expected value of the first passing time
is addressed in Section 4. The specific integral expressions essential to calculate the first conditional expected step time are given in
Section 6. Finally, Section 7 involves a discussion of three examples of real life phenomena that are modeled using the stochastic SIS
model.

2. The stochastic SIS model and some preliminaries facts

If p >0, the quantity (§/N).S, - I,dt in equations (1.1)-(1.2) can be interpreted as the total number of new infections occurring
in the interval [¢,7+ dt). Conversely, when f <0, (f/N)S, - I, dt represents the total number of new recoveries within the same
interval. In practical scenarios, the parameter f is not necessarily constant and can exhibit random fluctuations. In such cases, we
assume that f has a mean value r and is subject to noise with a magnitude of ¢ > 0, yielding the expression

B=r+ocW, 2.1)
where W = {VV, > O} represents white noise (see [8]).
Upon applying this parameter transformation in equations (1.1)-(1.2) and utilizing the relation
N=S,+1,, t>0,

we arrive at the stochastic differential equation:

dI,=(a-0bl,)I,dt+c(N—1I,)1,dB, (2.2)
where
7 r o
=y — b N b=— d = —. 2.3
a=r—(b+vy) N and ¢ N (2.3)

Here, the term d B, = W, dt is understood as a stochastic differential with respect to the Brownian motion B = {Bt > 0}, defined
within a complete probability space (2, F, P), as described in [9] or [10].
In the deterministic case, when o = 0, the corresponding ordinary differential equation is given by

dI, = (a—bl,)1,dt. (2.4)

The parameters a and b in equation (2.4) can be interpreted as measures of the environmental influence, where the former promotes
the phenomenon under study while the latter inhibits it.
In the deterministic model, when studying an infection, the parameter

_Nb
e~ Nb—a
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is referred to as the basic reproduction number of the infection. If I, =iy € (0, N), then the solution of the ordinary differential
equation (2.4) is given by

— ifa#0,
1= b+< % —b) eil?(—af) (2.5)
(m-i) . ifa=0.
o
The asymptotic behavior of the deterministic solution [ is as follows
. 4 ifa>0,
lim I, =< ? (2.6)
t—co 0, ifa<O.

When N > a/b, we observe that R;, > 1 if and only if a > 0, thereby making the basic reproduction number R,, instrumental in
determining the stable states of the disease. An important observation is: if we take a/b as the carrying capacity of the system (or
environment) and a as its quality, the logistic model emerges as a special case. This remark empowers us to model phenomena where
I does not necessarily signify an infection. In fact, as detailed in Section 7, we will illustrate this using the example of guppy fish
weight, highlighting the potential of our approach.

In Theorem 3.1 of [4], it is demonstrated that if I, =iy € (0, N), the stochastic differential equation (2.2) possesses a unique
global solution denoted as I = {I, : t > 0}. Furthermore,

P[I,€(0,N)forallt>0]=1.

In other words, if the process I commences at a point within the interval (0, N), then it almost surely remains within this interval.
This fact will be a particular case from Lemma 5.1, which is established through the utilization of Laplace transform techniques.
Moreover, we will see in (5.8) that the infection remains below a level that is strictly less than N.

In the stochastic scenario, the reproduction number is given by

2

(o}
Ry =Ry, — WG

2.7

If ¢ # 0, we define

2a
heawe

noting that R, <1 if and only if §; < 1.
In accordance with our notation, we have the following result.

Theorem 2.1. The disease dies out with probability one if
2 2 r?
py<lando“<r or o°>max{r,—— ;.
2(b+7)

Moreover, if p; > 1, then the disease will almost surely persist indefinitely (there is recurrence).
Proof. The proof of this result is contained in Theorems 4.1, 4.3 and 5.1 of [4]. []

The authors [4] conjectured that if

2
fi<1 and r<e?< T ,
2(b+7y)
then the disease will die out with probability one. We will prove in Theorem 5.3 that this is certainly the case. The critical scenario
p, =1 is not investigated in [4]. However, this particular case is also encompassed by Theorem 5.3.
If i € [0, N], by T; we will denote the first passage time of the level i. In symbols we express this as

4={w, if I, #1, forall 1 >0, 28

inf{r>0:1I,=i}, otherwise.

Such time is the first time the stochastic process I hits the level i when it starts at /. With this notation we define the following
conditional expected value

._ EIT;T; <] !
E[T)|T, < 0] := = T.dP, 2.9
PIT, <]  PIT, <ol
(T, <]

where [T; < 0] ={weQ : Tj(w) < 0}.
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3. Some basic functionals

Next, we will introduce several well-known functions from the theory of diffusion processes. Evaluating these functions at the
boundaries, specifically at 0 and N, of the variable I, will provide us with valuable insights into the trajectory behavior of the

process.
Take an arbitrary fixed point iy € (0, N) and let g, b and c as in (2.3). We set

X

s(x) = expq — / ng((zz))dz . x€(O,N),

I
where
f(x)=(a—bx)x and g(x)=c*(N —x)*x°.

We also introduce the function

m(x) x€(O,N).

-
s(x)g(x)’

From (2.3) we deduce the following fact that will be used several times

Lemma 3.1. If x € (0, N), then

oo (5 en{ )

where

2d

ﬂ iO B ﬁ3 d ﬂ
= _ T = —_—
2V | AT 3T

Proof. First we will assume that iy < x < N. From (3.1) we have

2/(z) N (1. e 1 (s, M
g(z)_cz{N2 z+N2 N—z+(N b) (N—z)2}’

this yields

X
&dz=£ ., > +<£—b) : - 10‘ —(i—b) 1. ;
g(2) 2| N2 N-x \N N-x N2 N-ip \N N —ij
io

from this we obtain (3.4). The case 0 < x < i, can be worked in a similar way. []

Let us set the function
x
Sx)= / s(y)dy, xe€(,N).
o
For the boundary point 0 we define

0
S(0)=/s(x)dx,
ig
oy

Z(O)z/ /s(z)dz m(y)dy.

0 \0

3.1)

(3.2)

(3.3)

B4

(3.5)

(3.6)

Similar definitions of S(N) and X(N), for the boundary point N, can be conceived (see [11]). Note that the continuity of the

functions s and m implies that the convergence of the previous integrals does not depend on the point ;.
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Lemma 3.2. Using the above notation we have, for the boundary point 0,
S0)> -0 ifandonlyif p; <1,

2(0) = o0,
and, for the boundary point N,

S(N)=c0 and Z(N) = oo.

Proof. In what follows we consider each of the cases.

S(0): From (3.4) we have

io
b
_S(O)=ﬁ2/(%—l> exp{Nﬁix}dx.
0

Using Landau’s notation (asymptotic order of convergence), we have

s
(%—l) 1.‘3)(p{NL}=O(x_ﬁ'), as x|0.

— X

Thus, S(0) > —co if and only if 1 — f; > 0.
2(0): From (3.2) and (3.4) we assert that

i y
2 yﬂl_z B3 N B B
0= 0_2/ (N_y)ﬂ1+2 exp{_N—y}/<;_l> eXp{ N—Z}dZdy'
0 0

The second integral, in the previous formula, is finite if and only if ; < 1. Thus, if f; > 1, then £(0) = co. Now let us suppose that
p, <1, then

y
N A B _
/(?‘1) e"p{N—iz}‘“=0(yl ). as ylo0,
0

consequently the convergence of %(0) depends on the behavior of

ig
b2 B
_r W 5 1= 4
/(N—y)ﬂﬁzexp{ N—y}y d
0

Since the order of the integrand is O(y~!), as y | 0, then X(0) = co.

Now let us deal with the boundary point N.

S(N): Considering (3.4) we get

i
ig<x<N

N
S(N)>p, min {x/1} /(N —x)h exp{NL } dx.
— X
io
By (3.3) we know that f; > 0, thus S(N) = .

2(N): Inasmuch as S(N) = oo, then
N({ N

Z(N):/ /s(z)dz m(y)dy = oo.
i y

In this way, all the required inequalities are verified. []
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4. Conditional moments of the first passage time of the SIS epidemic model
As before, let us take some fixed arbitrary point iy € (0, N) and let us consider a parameter A > 0. We begin by finding some
monotone solutions of the ordinary differential equation

2
0+ 10 i = 4w =0, xEON) @b

Let {u, },°1°=0 be a sequence of real-valued functions defined on (0, N) as uy(x) = 1 and

X

y
u,,(x)=/s(y)/un_l(z)m(z)dzdy, (4.2)
iy i

for all n in N.
Lemma 4.1. For each A > 0, the series

u(A,s)= ) A"u,(x), x€(O,N), (4.3)
n=0

converges uniformly on compact subsets of (0, N) and u(4, -) satisfies the differential equation (4.1). For each A > 0 and x € (0, N),
1+ Auy (x) Su(d, x) < e?1 ™), (4.4)

u(x) < %u(/l, x) < uy(x)et ™, (4.5)

Proof. A proof can be consulted in [9], except for inequality (4.5) which can be verified by direct calculations. []

In what follows we will need only the first derivative of u(4, x) with respect to A, but we can see that u(-, x) is in C*(0, c0). This
observation is useful if we want to calculate more conditional moments of the stopping time 7}, see Theorem 4.4.

Lemma 4.2. Let 4 > 0 be fixed. For x € (0, N) we set

s(y)
u=(A,x) := u(4,x) - / RS dy, (4.6)
ot _ s(y)
(A, x) 1= u(4,x) - / R dy. 4.7)

The functions u~ and ut are monotone increasing and decreasing, respectively. Moreover, they are solutions of (4.1). For each A > 0 we also
have

S . (4.8)

0 w0 7
FYid “(Ax)= ERSE y 01““’ x) — 2u(A, x) /
0 0

Proof. The verification that ¥~ and u* are solutions of (4.1) is immediate, the same is for formula (4.8). The monotony of u~ and
u* follows from the study of the sign of the derivatives, %uﬂ %u‘, see for example [12] or [13]. []

Let I be the unique solution of (2.2) that starts at i € (0, N). We will find the Laplace transform of the first time the process /
hit the level i € (0, N), T,

Proposition 4.3. Let iy € (0, N) and I, = i. For each A >0,

u(Aig) e .
—=_ if i€(iy N),
E[eiT <o) =9 500 - .9
) if i€(0,ip).

Proof. Let us suppose that iy <i < N. Using It&’s formula in u™(4, I,,r, Ye~4AT) and that u~ is a monotone solution of (4.1) we
obtain (for details see, for example, [13])
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W (hiy)=E [u—(,a, Iy )e—WTO] .

Letting # — oo, the dominated convergence theorem implies
u (Aig)=u" (A, DE [e_’lT";TI- < oo] .

The case 0 < i < i; can be worked similarly. []

We use the previous result to obtain the first conditional moment of T;.

Theorem 4.4. Let iy,i € (0, N) with iy <i. If f; <1 then

E [T, < 0] = () — (i) + 22— .
[ 00] u ulip /010 s(x)dx fO's(x)dx

Proof. Proposition 4.3 yields
_ 1 —AT;.
P{Tl-<oo}—l/11£18E[e ;T; < 0

u=(4,ig)
im )
M0 u=(A,1)

. d _AT,
E[T:T <] =~ lim B[ 46T, <o

" 1 Jd _ u (Aip) o9 _
= ecece” Jece iy 0 O i
ﬂg{ (%:fo) g -9

(i) A" W= (A,0)? 04

From (4.3) and (4.5) we get
. 0 @
lﬁg u(A,x)=1 and l}ﬂ)l au(/l, X) = uy(x).

Using the above limits, (4.6), (4.8) and Lemma 3.2 we deduce

X

1}&)114 4,x)= /S(y)dy,

0
1}?8 %u_(ﬂ,x)= /S(y)dy ul(X)—2/S(y)u1(y)dy~
0 0

Combining such limits we get the conditional expected value of T, see (2.9).

/Oio s(X)uy (x)dx ~ 2/0i s(0)uy (x)dx

}

O
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(4.10)

Note that in the case i < ij it is not possible to calculate the conditional expected value of 7}, since in this case ut(4,0) = o0, by

Lemma 3.2 we know that S(NN) = co.

5. Asymptotic behavior of the infection in the SIS epidemic model

In order to study the asymptotic behavior of the infection in the SIS epidemic model it is convenient to introduce the following

notation. If 0 <i < j < N are given we define the stopping time T; ; as min{7;,7}}, T} ;

Lemma 5.1. We have P[T y = co] = 1.

:=min{T;,T;}.

Proof. We know, see Lemma 3.2, that X%(0) = co, then u;(0) = co. The inequality (4.4) implies lim;ou(4,i) = co. Since

fON sOu(A, y)"2dy > 0, from (4.7) we deduce lim; | ut(4,i) = co. From (4.9) we see that (here we assume i < i)

ut(4,ip)
ut(A,i)

=lim E[e”*Ti
,-lfg [em"']

= m
il0

=lim {E[e™*Ti;T, = Ele ™. T, <
h‘é‘{ [e™*1i;Ty = o] + E[e™"i; T < 0]}

> lim E[e T o<,
il0
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where we have used T; < T;. If P[T) < oo] >0, then E [e"lTO;TO < o] > 0. But this is impossible, therefore P[T; = co] = 1. On the
other hand, using (V) = oo, we can prove analogously that P[T = oo] = 1. From this the result follows. []

The previous result means that the process I almost surely never touches the boundaries, 0 or N. In other words, the disease is
almost surely not extinct, but neither is the entire population infected.

Theorem 5.2. If i € (0, N), then

P [ inf I, =0] =1. (5.1)
0<t<oco
If p; > 1, then
P [ sup I, =N|=1, (5.2)
0<t<o©

and consequently the process I is recurrent, that is,

P[I, =i, forsome 0 <t < o0]=1. (5.3)
Proof. Since P[T; = o] =1, then P[I, > 0] = 1. From this we have

P[mezqu (5.4)

0<t<oco

We also know (see, for example, [9]) that E[T;, j1<00,0<i<j<N, then P[T; j <oo]=1. Using Ito’s formula in S(/(¢)) we obtain

S(x) = E[S(Imln{t,T”})IIO = x].

From here it follows that

L 1=(S3p)/SG))
P I —_ — ., 5.5
2 Plln, == 3=50/50) -

If we let j T N, and using that S(V) = o0, we get

P[ inf I, <i
0<t<c

P[ inf I, <i|>1. (5.6)
0<t<oo

Using (5.4) and letting i | 0, in (5.6), we get (5.1). If §, > 1, then S(0) = —o0, thus a similar argument can be applied to prove (5.2).
The statement (5.3) easily follows form (5.1) and (5.2). []

When f; > 1 the process I is recurrent, therefore lim,_, I, does not exist. We will study the missing case, f; < 1.

Theorem 5.3. If f; < 1, then

th@:@:L 5.7)

t—oo

Proof. The proof is divided in two steps, in the first we prove the existence of the limit and in the second we calculate it.
Step one: For each n € N let us set

xﬁ:s(%m”ﬂ)—am,05z<m,

where 7, :=min{T} /,, Ty_;/,}. We can use It6’s formula to see that X" is a local martingale. Since lim,
almost surely (a.s.), we have

n—oo Tn = TO,N and TO,N =0

X, ;=5(It)_s(o)=nlir§oxt”, 0<1t<co.

From (3.6) we see that X > 0, then we can use Fatou’s lemma to see that X is a supermartingale. Since every positive supermartingale
converges almost surely (see Corollary 2.11 in [14]), then lim,_, , X, exits almost surely. The function S is monotonically increasing
and continuous, therefore it has a continuous inverse, from which it follows that lim,_, , I, exists a.s.

Step two: Now let us see that lim,_, , I; =0 a.s. Suppose otherwise. Let Q c Q be such that P[Q] > 0 and lim,_, , I;(w) = l(w) > 0,
for each w € Q. This implies that there exists a #(w) > 0 for which

I,(w) > %l(a)), t > Hw).
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Since Tj) = oo and I is continuous, we have inf ., I, > 0 in Q. This is a contradiction to (5.1). From which the desired statement
follows. []

It is interesting to observe that (5.7) and P[Ty = oo] =1 imply that

P[sup I,<N]=1. (5.8)

0<t<oo

In other words, the strict inequality implies that the infection remains below a level that is strictly less than N.
6. Numerical considerations

To obtain the conditional moment of the first passage time, T}, it is essential to determine the value of the following integrals

i

iy
/s(x)dx, ul(i)=//s(y)m(z)dzdy and
0

ip o

/s(x)ul(x)dx—///s(x)s(y)m(z)dzdydx

ip g
The numerical computation of these integrals is not trivial. Indeed, the problem lies in the fact that the integrand has a singularity
at 0. The main issue arises in the calculation of the third multiple integral. To address this problem, we embarked on a thorough
exploration of robust numerical methods capable of computing multiple integrals with singular integrands.

Our meticulous review revealed that for “well-behaved integrals”, most methods or software are sufficient. However, when dealing
with integrals featuring singularities or numerous oscillations, each integral or family thereof requires its customized approach. In
our research, we found that the Taylor series expansion is particularly effective for evaluating these integrals. Below, we briefly
describe this technique, which we are confident will prove beneficial for those applying the results of our work.

Givenn e NU {0}, k,j €NU {0}, me {0,1} and a, f € R, we define

ok n -k
ny oy a“N
Sk(o;)_k_z0 T N >0,

and

n

Sk j=m(@F) = k.N"‘Z<ﬁjk>( N)/, N>0.

J=m

Let us take f; <1 and i > i;,. The functions s and m can be expressed in terms of power series, and their convergence is justified
using Mertens’ theorem for the product of series. Furthermore, due to uniform convergence, the interchange of the integral and the
sum is justified. Using this, we have the following equalities

i

/s(x)dx—ﬂ NPLSE_ (B3, By) ﬂ
=Dy j=0\F3>P1 ﬂ] +1
0
u (i) = © N)2 [S°°(ﬁ3)S°°( ﬁ3)ﬁ
. ﬂ _1
. {ln(i) —In(ig) — M (jl—ﬂl - ([O)I—ﬂl ) }
-5
) o 1
+S(B3) ST (B3 =P = 2)ﬁ1——1+f

.{if—T(io)i ~ (io)ﬂ'_Hi(l-l—ﬂl _(io)l_ﬂl)}
J 1 _ﬁl

+8p 21 (B3 BST (- ﬁ3)ﬂ

. { il —j(io)’ B j(io;ﬂI; 1 (=P (io)j_ﬂ1+l)}
!

1
SOO - _ _2 _
+ 1(ﬂ3 ﬁ]) _1( B3, =P )—ﬁ1—1+j
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_ {iﬂf—(io)“f B (io)ﬁlflﬁ(ij—ﬂﬁl _(io)/‘”l“)}]

j+j J—pB+1
and
/ s dx = —22 |5 (g g5 ()
1 2N2A | TRj=0 T3 IR 3 g
0

J=P1+1 1 =P+
4 | In() - —— | —In(ip) ——
J=p+1 J=hi+1 j=p+1

CGhTt (e i) =+
1- 7 O o1
By \j-2p+2 J=bi+

D S
pr—1+]

SR B BOSEB)SY_ (=Bs =1 = 2)

1 =i+t L. A
NEF\ = = = (o) =
JNJ=B+j+1 J=h+1

i )A—1+] 2842 —p+1
1 J 1 J=h1
M) ,\l —(ip)'™h —Al
1-p J—=2p+2 j—=p +1

oo oo o) 1
+S2,f=0(ﬂ3"61)sk,j=1(ﬁ37ﬁ1)51~{ (_ﬁS)F

1 =P+l R+
B F\ T = (i) =
JNJj+i-h+1 i=b+1

) (ig)h ! Hi=28+2 —(io)j_ﬁlH =P+l
J=b+1\j+j-2p +2 J=h+1

i
Pr—1+]

1 =i+l s Al
- e ———sEl -
JHIN\j-B+j+j+1 J=b+1

_(,-O)ﬂl—lﬂ =2 +2+) —(io)j_ﬂlﬂ iJ=hi+1 .
J=Bi+L\j-2p +2+; i=p+1

During practical illustrations, it was observed that the conditional moment of the first passage time T; became stable when n was
less than 15. Therefore, in the upcoming section, we will establish the value of n as 15.

+82 (B B,y (B PSS, (<3 ~Pr =2)

7. Some real world problems

In this section, we will showcase three real-life examples of phenomena that are investigated through the utilization of previously
obtained theoretical outcomes.

Bear in mind that I, represents the quantity of interest at time ¢ and its dynamics is determined by the stochastic differential
equation

dl,=(a—bl,)I,dt+c(N—1,)1,dB,. (7.1)
Let us also notice that

V2a

RS,<1<=>ﬁ1<1<=>T<c, (7.2)

where R;; represents the stochastic reproduction number. Then, in this case, Theorem 5.3 implies that the process I eventually dies
out as time approaches infinity.

7.1. Gonorrhea
Gonorrhea is a sexually transmitted disease that has the potential to affect both men and women. It can lead to infections in
the genital, rectal, and throat areas. This infection is quite common, especially among individuals aged 15 to 24. Notably, acquiring

gonorrhea does not confer immunity, making it possible to become reinfected even after a prior infection has been treated.
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Table 1
Several values of I~!, within the context of gonorrhea, ip =1,000.

i 1636 2198 2550 2725 2802 2835

I7'() 124.86 249.77 374.73 499.35 622.89 749.48

Table 2
Probabilities and expected values of the first-passage time upper i, in the gonorrhea case.

c i 1636 2198 2550 2725 2802 2835
Lsxios  PIL<l 0.82 0.72 0.67 0.65 0.65 0.64

’ E[T)|T, <] 14204 23408 28360 306.69 316.59  320.79
Lasx 105 PG <l 0.84 0.75 0.71 0.69 0.68 0.67

| E[T|T;<o] 17551  289.65 35127  380.06 39242  397.67
Laxios  PILi<el 0.86 0.78 0.74 0.72 0.72 0.71

E[T,|T, <] 22721 37572 45628 49405 51029  517.19

The transmission of gonorrhea among homosexual individuals is investigated in [15]. In the aforementioned study, with our
notation, the following parameters are taken into consideration:

N =10,000, y=0.018182, b=6.84463x107> and r=0.025550624.

Given these values, we have the parameters required by the stochastic differential equation (7.1)

a=7.30017852%x 107> and b=2.555062482 x 107°.

In the study of gonorrhea transmission, the initial population comprises 1,000 infected individuals, iy = 1,000. Formula (7.2) provides
us with a lower limit for the range of the parameter ¢ in (7.1), indeed ¢ > 1.208319372 x 107>, In order to determine a more optimal
value for such stochastic parameter, we employ the solution of the deterministic differential equation (2.4). The rationale behind
this approach is our anticipation that, on average, the solution of the stochastic differential equation will closely align with its
deterministic counterpart. Guided by this notion, we consider various values of the state i and ascertain the corresponding time
required for the process to reach that state, denoted as I~!(i). Table 1 presents this computation for the case of gonorrhea.

Using Table 1, a range of possible values for the parameter ¢ was explored, and the results of the conditional expectation of the
first moment of arrival, along with the probability that this time is finite, are outlined in Table 1. The values in Table 2 that are
closest to the deterministic value are highlighted in bold.

In Fig. 1, we display a simulation illustrating the growth of gonorrhea for different values of ¢, as listed in Table 2. As anticipated,
these simulations vividly portray the erratic nature of the disease and its eventual extinction.

Based on the analysis performed, we deduce that for values of i that slightly exceed iy = 1,000, a suitable option for the parameter
¢ could be 1.5 x 107>, Furthermore, this implies a probability of over 80 percent that more than 1,600 people will be infected. This
information can be used to launch an initial extensive infection awareness campaign, and gradually scale it down. We also observe
that for prolonged periods of time, a favorable value for the parameter ¢ could be 1.4 X 1073; in this case, the probability of reaching
high levels of infection is around 70 percent, which indicates the importance of carrying out an initial awareness campaign.

7.2. Pneumococcus

Another contagious disease for which immunity is not developed is caused by the pneumococcus bacteria. This disease can be
mild or severe, and the most common infections usually include: ear infections, sinusitis, pneumonia, sepsis and meningitis.

In the reference [16], pneumococcus infection is investigated within a child population. The parameters considered in this study
are:

N =150,000, y=0.02011, b=1.3736x107> and r=0.042975.

The corresponding values for a and b, in equation (7.1), are

a=0.0214914 and b=2.865x107".

In this scenario, iy = 50,000, and as derived from equation (7.2), it can be observed that ¢ > 1.382 X 107°. Similar to the previous
example, Table 3 provides several values of I~! to aid in determining the most suitable stochastic parameter, c.

From Table 4, we observe that the optimal value of ¢ is found in the middle row, specifically, in this case, ¢ = 1.5 x 107, The
probabilities are higher than 90, indicating that it is highly likely that starting with iy = 50,000 infected individuals, there will be
either 72,000 or 74,000 infected individuals within a 4-month period. Additionally, it can be noted that there is a high probability
of reaching a larger number of infected individuals, bigger than 90 percent.
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Fig. 1. Highlighted in red are simulated trajectories depicting the growth of gonorrhea, while the deterministic solution is depicted in blue.

Table 3
Certain values of I~! in the context of pneumococcus, ip = 50,000.

i 60,000 70,000 72,000 74,000 75,000 75010

I-'() 32.24 90.44 115.44 167.41 368.60 430.33

Table 4
Probabilities and expected values for the infection caused by pneumococcus.

¢ i 60,000 70,000 72,000 74,000 75,000 75010
Lssxio6  PIL<el 0.95 0.92 0.91 0.91 0.90 0.90

’ E[T|T, <] 4181 80.45 87.99 9551  99.26  99.30
1.5 10°5 P[T, < 0] 0.97 0.94 0.93 0.93 0.93 0.93

’ E[T|T, <]  59.04 113.45 12406  134.63  139.91  139.96
Lasx 10 PIL <l 0.98 0.96 0.96 0.95 0.95 0.95

E[T)|T, <] 101.07 193.86 211.93 229.93 23892  239.01

Fig. 2 displays three simulations depicting potential trajectories of I for three distinct values of c. Similar to previous observations,
it is evident that the infection ultimately diminishes over time. Nevertheless, it is worth highlighting that the likelihood of reaching a
higher number of infected individuals is substantial. Therefore, a sensible health strategy in this scenario would involve implementing
an informational campaign to reduce the contagion rate, because it is quite likely that a greater number of infected will be reached.
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Fig. 2. Simulated trajectories illustrating the growth of pneumococcus infection are highlighted in red, whereas the deterministic solution is represented in blue.

7.3. Guppy fish

From expression (2.4), we observe that the model obtained is a generalization of a logistic model. Therefore, it is feasible to
employ this stochastic model to simulate phenomena that display this type of behavior, namely sigmoidal growth. Thus, we can
apply the stochastic SIS model to simulate various scenarios, such as machine learning, population growth, or phenomena with
limited carrying capacity. In our specific case, we will utilize this model to examine the weight growth of guppy fish. For instance,
in [17], the growth of dry weight in various plants and the development of other animals is studied, where the same technique we
are about to develop can be aptly applied.

Typical weight-based growth data for guppy fish are provided in [17]. To fit the data to a growth pattern characterized by the
function (2.5), we employ the nls function within the software R. Taking i, = 0.0107, this process yields the following values, see
equation (7.1),

a=8491667x 1072 and b=0.59102452.

Fig. 3 (a) shows in blue the deterministic function I fitted to the data. Now, the next step is to add the stochastic component to it.
From the deterministic case we see that (see (2.5)) a/b would be the load capacity of the system. And in our stochastic context we
consider a parameter N, which represents the maximum value that the random variable I, can take, therefore N > a/b. Let us take,
N =0.2. Using these values, we determine, as shown in (7.2), the lower bound for c to be ¢ > 2.0605, ensuring the applicability of
Theorem 5.3.

Table 5 presents values of I~!(i) for several values of i. We will use these values to represent the average behavior of the timeout
of the first conditional passage. Table 6 provides the probability P[T; < co] and conditional expected time E [TilT,- < oo] for various
values of the stochastic parameter c. The values closest to the deterministic value are highlighted in bold. From this, we can observe
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Fig. 3. Several simulations of guppy fish weight growth are shown in red, while deterministic growth is represented in blue.

Table 5
Values of I~! in the context of guppy fish weight.

i 0.0227  0.0438  0.0728  0.1014  0.1219 O

.1335

I71(i) 9.97 19.96 29.99 39.97 49.95

59.98

Table 6

Probabilities and expected values of first-passage times above iy, = 0.0107 for guppy weight.

c i 0.0227 00438 00728 0.1014 01219  0.1335
g P <ol 0.69 0.50 0.39 0.34 0.31 0.30

7 E[TIT, <] 949 1827 2580  31.54 3539  37.62
,g PIT <] 0.71 0.53 0.42 0.37 0.34 0.33

T E[TIT,<e| 1095  21.04  29.63 3613 4045 4295
7  PIT <] 0.73 0.56 0.46 0.40 0.38 0.37

" E[TIT, <] 1287 2466 3463  42.08 4698  49.81

that in the second row, two of the expected time values are closer to the deterministic values, and the probabilities are around 50
percent. In the third row, there are three values marked in bold, but the corresponding probabilities are smaller.

This kind of information can be utilized to monitor the health of a guppy fish population. For instance, it will become evident
that things are not progressing well if, starting with a weight of i; = 0.0107 grams, the guppies have not doubled their weight
(i/ip =0.0227/0.0107 ~ 2.12) in approximately 10 (9.49) days. In such a scenario, the likelihood of making an assessment error will

285



G. de Jestis Cabral-Garcia and J. Villa-Morales Applied Mathematical Modelling 128 (2024) 272-286

be around 30 percent. In Fig. 3 (b), (c), and (d), various simulations depicting the growth of guppy fish weight for different values of
¢ are presented.

8. Conclusions

In this article, the first arrival time of the stochastic process I is analyzed. Under the premise that the stochastic reproduction
number is less than one (see (2.7)), the probability that the first arrival time is finite is calculated. Conditioned on this event, its
expected value is determined (see Theorem 4.4). In the context of this assumption, about the stochastic reproduction number, it is
shown (see Theorem 5.3) that the stochastic process I approaches zero as time approaches infinity. In other words, the disease tends
to disappear eventually over an infinite horizon. Thus, it is possible to solve the conjecture formulated in [4].

In addition, the stochastic SIS model is used in three real situations and a numerical scheme is proposed to find the conditional
moment. In the first two examples, the deterministic solution is adopted as an average behavior of the phenomena, and with this
approach possible values of the stochastic parameter are established. The merit of this method lies in the fact that it allows evaluating
with what probability a value greater than the initial one is reached, which in turn facilitates decision making based on the probability
of said value. In the third example, a non-linear fitting method is first used to identify the most suitable deterministic model. Then,
from this adjusted model, we proceed in a similar way to the two previous examples.

In summary, the incorporation of random noise generates significantly different results when contrasted with the deterministic
counterpart. In fact, simulations reveal dynamic trajectories that more accurately mirror the complexities of the real world. Addi-
tionally, we have successfully computed the conditional expectation of the first arrival time and explored the asymptotic behavior of
the stochastic process I. We view these methodologies as versatile tools applicable across diverse scenarios, thereby expanding the
practicality and adaptability of stochastic models.
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Crecimiento poblacional
logistico y los momentos
condicionales del tiempo de
primera pasada

El estudio de los modelos de crecimiento demografico se remonta a 1798, cuando Thomas Robert
Malthus escribié un ensayo sobre el crecimiento exponencial de la poblacion y el crecimiento lineal de
los recursos [19]. La modelizacién del crecimiento de un sistema es un tema clasico de las matematicas
aplicadas; ademds, debido a su importancia, sus aplicaciones en el mundo real y la complejidad del
problema, es un tema de actualidad (véanse, por ejemplo, [46], [26], [49], [27], [24], [17], [18], [35] ¥
las referencias que contienen).

En este caso, se considera el crecimiento de una poblacién en la que el medio (o ecosistema)
tiene la propiedad de mantener como maximo una poblacién de tamano K > 0 indefinidamente, el
cual denota la capacidad de carga del medio. Ademads se supone que la calidad del entorno viene
determinada por un parametro A € R. En este caso, si X; es el tamano de la poblacién en el tiempo
t > 0, entonces es bien sabido que la dindmica o crecimiento de la poblacién viene determinada por
la ecuacion diferencial logistica

dXi

dt

donde Xy = xp > 0 es la poblacién inicial. En este caso, la solucion estd dada por la funcién
sigmoidal

:AXt(K—Xt), t >0,

. on

20+ (K — xp) e MK
Frecuentemente no hay un valor exacto del pardmetro A, hay mas bien un valor medio del mismo

el cual se denota con r. Ademads se denota con « al tamano medio de las fluctuaciones alrededor de

la media 7. De este modo, el parametro A se sustituye por una expresiéon de la forma r+ adB;, donde

dBy es un ruido aleatorio (que representa el cambio en los medios o sus fluctuaciones). Sustituyendo

esto en la ecuacion anterior se obtiene la ecuacién diferencial logistico estocéastica

Xy t>0.

dXt = TXt (K — Xt) dt + OéXt (K — Xt) dBt
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Esta forma de obtener una ecuacién diferencial estocastica es habitual (véase [1] o [25]) y se
denomina variacién estocéstica de un parametro. En este caso, para resolverla se utiliza la inte-
gral estocastica de Itd y {By,t > 0} denota un movimiento Browniano definido en un espacio de
probabilidad completo (€2, A, P), véase [7].

Si Xog =209 € (0,K) yreR, el Lema 2.1 de [25] implica que la ecuacién diferencial anterior
tiene solucién unica X = {Xy,¢t > 0}. Para z € (0, K) el primer momento de pasada estd definido
por

T, =inf{t>0:X; =z}

Dicho tiempo es la primera vez que el proceso estocastico X; alcanza el nivel x dado que comienza
en xg. Con esta notacién se definen los siguientes valores esperados condicionales

E[T|Ty < o0] :%’
E (LT, < oo] = [(I?ff)zi; Z;] o]
donde
<l / T (w) P(dw),

{w: Ty (w)<oo}

E[(Ty)% Ty < 0] = T, (w)P(dw).

{w:(Te(w))?<oo}

El objetivo principal de este trabajo es encontrar estos valores esperados condicionales y presen-
tar algunas aplicaciones. Ademas, el método puede utilizarse para calcular los momentos condicio-
nales de T}, de cualquier orden.

La solucién de la ecuacién diferencial estocastica logistica es un proceso de difusion y depende
del comportamiento de los limites, en este caso 0 y K. De hecho, si los limites de una difusiéon son
de tipo eldstico o reflectante entonces puede utilizarse la ecuacion de Kolmogérov hacia atras para
determinar formas recursivas de los momentos de T, véase por ejemplo [47], [7] y [50]. Otra técnica
util es encontrar la transformada de Laplace de T, y diferenciarla. En estos casos, la transformada
de Laplace se expresa como la funcién de transicién de densidad del proceso estocastico X, es decir,
se expresa en términos de la funcién de Green, véase [11], [20], [33], [28] o [36]. Es casi seguro que
el primer tiempo de pasada al estado x, comenzando en xg, es finito, es decir P(T, < o0) = 1.
Sin embargo, se tiene que P(T, = oo) > 0, por lo que el valor esperado es infinito (E [T;] = 00) y
de ahi que no se apliquen los resultados conocidos. Sin embargo, cabe mencionar que la teoria de
Sturm-Liouville se ha introducido recientemente en el estudio de los tiempos de llegada que puede
ser una opcién interesante a explorar, especialmente cuando el valor esperado es infinito, como en
este trabajo, véase [23].

Existen diferentes versiones de ecuaciones diferenciales logisticas estocasticas y para algunas de
ellas es posible encontrar soluciones explicitas, véase por ejemplo [48] y [4]. El proceso considerado
en [48] tiene P(T, = oco) > 0, por lo que encuentran el valor esperado E [Ty; T, < oo]. Los resultados
de [48] no pueden aplicarse en este trabajo porque estan especficamente disefiados para tratar con
su versién de la ecuacién diferencial logistico estocastica, que es diferente a la estudiada en este
trabajo.
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1. Introduction

The study of population growth models dates back to 1798 when Thomas Robert Malthus wrote an essay on the exponential
growth of population and the linear growth of resources. Modeling the growth of a system is a classic topic in applied mathematics;
additionally, due to its importance, its applications in the real world, and the complexity of the problem, this is a current issue (see,
for example, [25], [4], [27], [21], [20], [14], [11], [10] and the references contained therein).

In our case, we will consider the growth of a population in which the environment (or ecosystem) has the property of maintaining
at most a population of size K > 0 indefinitely, we will say that the environment has a carrying capacity K. Furthermore, we will
assume that the quality of the environment is determined by a parameter A € R. In this case, if X, is the size of the population at
time ¢ > 0, then it is well known that the dynamics or growth of the population is determined by the logistic differential equation

d

X=X (K= X)), 1>0, (1.1)

where X, = x> 0 is the initial population. In this case, the solution is given by the sigmoidal function

xoK

=— 120. (1.2)
xg + (K — xg)e= Kt

t
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Frequently there is no exact value of the parameter A, there is rather an average value of it, say r, and it is known that the
fluctuations, around the mean r, have an average of size magnitude «. In this way, the parameter A is replaced by an expression
of the form r + adB,, where d B, is a white noise (representing the noise or fluctuations). Substituting this into (1.1) we get the
stochastic logistic differential equation

dX,=rX,(K-X,)dt+aX,(K—-X,)dB,. (1.3)

This way to obtain a stochastic differential equation is usual (see [1] or [15]) and is called stochastic variation of a parameter. In our
case, to solve it we will use Itd’s stochastic integral and { B,,t > 0} will denote a Brownian motion defined in a complete probability
space (Q,F, P), see [12].

If Xy=xy€(0,K) and r € R, Lemma 2.1 in [15] implies the stochastic logistic differential equation (1.3) has a unique solution
X = {X(#),t > 0}. For x € (0, K) the first-passage time of X to x is defined by

T,=inf {t>0: X(®)=x}.

Such time is the first time the stochastic process X hits the level x when it starts at x,. With this notation we define the following
conditional expected values

E[T,;T, <]

E[T|T,<oo] 1= —X %~

P(T, < )
2 . B E[(T)% T, < o]
E[(T )T, < 0] := S TS
where

ElTT, <] := / T (0)P(dw),
{w:Ty(w)<xo}

E[(T)*T, <] := / (T (0))* P(dw).

{o:Ty(w)<oco}

The main objective of this work is to find these conditional expected values and present some applications. Furthermore, the method
can be used to calculate the conditional moments of 7, of any order.

The solution of the stochastic logistic differential equation is a diffusion process and depending on the behavior of the boundaries,
in this case 0 and K, the moments of T, are known. Indeed, if the boundaries of a diffusion are of elastic or reflecting type then
backward Kolmogorov equations can be used to determine recursive forms of the moments of T, see, for example, [26], [5], [28].
Another useful technique is to find the Laplace transform of T, and differentiate it. In these cases, the Laplace transform is expressed
as the Laplace transform of the density transition function of the stochastic process X, that is, it is expressed in terms of the Green’s
function, see [9], [16], [19], [8] or [22]. In these cases it is almost sure that the time of the first-passage to state x, starting at x, is
finite, that is, P(T, < o) = 1. However, in our case we have P(T, = o) > 0, therefore the expected value is infinite (E[T, ] = o) and
hence the known results do not apply. However, it is worth mentioning that Sturm-Liouville theory has recently been introduced in
the study of arrival times and can be an interesting option to explore, especially when the expected value is infinite, as in our case,
see [18].

There are different versions of stochastic logistic differential equations and for some of them it is possible to find explicit solutions,
see, for example, [7], [2]. The process considered in [7] has P(T, = ) > 0, thus they find the expected value E[T,;T, < oo]. The
results of [7] cannot be applied here because they are specifically designed to deal with their version of stochastic logistic differential
equation, which is different from the one studied in this work (their equation has an explicit solution, contrary to our case (1.3)).

As we have said, since P(T, = o) > 0, then it is necessary to consider conditional moments of 7,. To do this, we will first
determine the conditional Laplace transform. In this part lies the problem, because in the general case the Laplace transform appears
in terms of the Green function or of certain monotonic functions that are not given explicitly, but are solutions of a certain ordinary
differential equation that is associated with the infinitesimal generator of the stochastic process. In our case, we solve this stumbling
block by finding an explicit monotonic solution (see Lemma 3.2) and from there, using It6’s formula, we find the Laplace transform
of T, (see Proposition 4.1). It seems to us that it is the first time that the two conditional moments of the first-passage have been
calculated explicitly for the solution of the stochastic differential equation (1.3).

As an application of the obtained results, we study two real world problems. The first models the growth of a cancerous tumor
and the second models the growth of the population worldwide. In both cases, the difference between deterministic and stochastic
models is highlighted. Moreover, in each of them we use the logistic behavior and the conditional expected value of the time of
first arrival to determine the most appropriate stochastic model. In particular, it is observed that by adding a small noise, caused
by climate change, to the classical logistic model of population growth, a short expected time (about 28 years) is obtained for the
population to halve, with a relatively high probability (around 18%). This means that governments and people must become aware
of how serious it can be to modify, even a little, our ecosystem.

The paper is organized in the following manner. First, we present in Section 2 some preliminary results that allow us to understand
the asymptotic behavior of the solution of the stochastic logistic differential equation (1.3), these results will be applied in Section 5.
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In Section 3 we find a helpful monotonic solution for a certain ordinary differential equation, see (5.6)-(3.3). In Section 4 we find
the Laplace transform of the first-passage time and obtain its first two conditional moments in Theorems 4.2 and 4.3. Finally, in
Section 5 we study the tumor growth model and the population growth model.

2. Preliminaries

In order to study the asymptotic behavior of the process X, solution of (1.3), we are going to introduce some auxiliary functions.
For y € (0, K) we set

y

2f(z) 2
= — d d ==, 2.1
sO) = exp / o | A O ) @D
K/2
where
fO):i=ry(K—y) and g :=a’y*(K — ). (2.2)

The boundary points of the stochastic process X are 0 and K. For the boundary O we define the following functionals
K/2

S0) := / s(x)dx,
0
K/2( v
5(0) = / / s(2)dz | m(dy,
0 0
K/2( v

N() :=/ /m(z)dz s(y)dy.

0 0

Analogous definitions can be introduced for the boundary K, see Section 6 of Chapter 15 in [13].
Let us start with the following elementary observation.

Lemma 2.1. For x € (0, K) we have

— p
s =(E=2),
where
2r
= 2.3
p Ka? (2.3)

Proof. First notice that
2f(z)
8(2)
Such equality implies

=/3<%+K;_Z>, z€(0,K).

X

/ Zg’;(z‘?dz=ﬂln<K’ix).

K/2

From this the desired result follows immediately. []

The following analytical result will give us information about the trajectory behavior of the process X.

Lemma 2.2. With the above notation we get the following facts for the boundary 0,
S0)< oo ifandonlyif p<1,

Y(0)=o0 and N(0)=co.

For the boundary K we have
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S(K)< oo ifandonlyif p>-1,

2(K)=00 and N(K)=o

Proof. In what follows we deal with each case.

S(0): From Lemma 2.1 we get

K/2 ,
S(O):/(K;x> dx.

Since 0
(K;x>ﬂ=0(x_ﬁ), as x |0,

then S(0) < oo if and only if 1 — > 0.
2(0): The definition of £(0) implies

K/2 y

2(0)= /(K T / — dz dy.

0
Now observe that the integral
r B
/(5 s 1) dz, (2.4)
z
0

is finite if and only if 1 — § > 0. If 1 — # <0, then X(0) = co. Let us suppose that 1 — f > 0. Since the integral (2.4) is of order y'~#, as
¥ 1 0, then the behavior of (0) depends on the integral

K/2 K/2
_ . dy
/y” 2y Pay= [ —.
y
0

From this, it is obvious that £(0) = co

N (0): The definition of s and m in (2.1) yield

K/2
— N RS
T o/ ( ) / e o

The inner integral

zP-2 d
/ —(K o z (2.5)
0

is finite if and only if > 1. When § < 1 we have N(0) = co. However, if > 1 then the integral (2.5) behaves like y#~!, as y | 0.
Therefore the behavior of N(0) is the same as the integral

K/2 K/2
g d
/yﬂ.yﬂ ldy=/_y‘

y
0 0

In this way, in any case we conclude that N(0) =
Now let us deal with the boundary K.

S(K): By Lemma 2.1 we get

K

S(K)=/<K;x>ﬂdx.

K/2

Using the fact that
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(K;x)ﬂ=o((1<—x)ﬂ), as x 1K,

we can conclude that S(K) < oo if and only if 1+ g > 0.
Y(K): In this case, the functional X at the point K is written in the following manner

K K

Z(K)=/ /S(Z)dz m(y)dy

K2 \y
K 5o K ;
21/ y /(K—Z) dz|dy
@ ) (K=yp+ 29
K/2
Zi m1n yﬂ m1n z~ /(K v~ = 2/(K—z)ﬁdzdy
a? —<y<K —<z<K

K/2

If 1 + <0, then X(K) = c0. Now, if 1 + > 0 then the behavior of X(K) depends on the value of the integral

K
/ (K =y P2 (K - y)*ldy= / 4y
K-y

K/2 K/2
which is infinite. Thus, in any case Z(K) = oo
N (K): In this case we have
K[ K
N(K)= / /m(Z)dz s(ydy

K/2 \y
K

i K-y\',
2 _Z)ﬂ+2 v Y
K/2

y

23 min z/72 mm y /(K y)ﬂ /(K—z) b= 2dzdy
(12 %stK —<y<K

K2

If f+12>0, then N(K) = co. In the case f + 1 <0, the behavior of N(K) depends on

K K
K= Play= [ Y
[&-sp-=ytay= [ 2

K/2 K/2
Therefore, we achieve, N(K) = co

Thus, all cases have been considered, and the result is proven. []
With the above result we can elucidate the following probabilities.

Proposition 2.3. Let X be the unique solution of (1.3), with X, = x, € (0, K) and r € R. For the boundary 0 we have
P{tlirgx,>o}=1, if p>1,
P{rlirgx,=o}>o, if p<l,

and for the boundary K we obtain
P{tliToX,=K}>o, if p>-—1,

{hmx <1<} I, if p<-—L.

=00

Proof. By Lemma 2.2 we know that 2(0) = oo, N(0) = o0 and Z(K) = o0, N(K) = o0, then 0 and K are natural boundaries, see
Section 6 of Chapter 15 in [13]. Consequently, 0 and K are not regular boundaries, then we can apply Theorem 7.3, of the previous
reference, to obtain
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S(0)< oo ifandonlyif P {tlirgloX, =0} >0,

and
S(K)< oo ifand onlyif P {tlirg X, = K} > 0.

Using Lemma 2.2 and the above equivalences, we conclude the proof. []

In this part it is important to point out the following well known result.

Proposition 2.4. Let X be the unique solution of (1.3), with X, = x, € (0, K) and r € R. Then
P{limX,:K}:l, if p>1,
=00
P{lim xt=o}= L if p<—1,

=00

and for f € (—1,1)

P {tlirg X, = K} = p*(xp), 2.6)
P {tlirg X, = 0} =1-p*(xg), 2.7)
where
0 s(y)dy
p(xp) 1= /(’K— (2.8)
Jo sdy

Proof. This result is contained in Theorem 2.5 of [15]. [

The results included in Proposition 2.4 are more accurate than those obtained in Proposition 2.3. Here our contribution is in the
limiting case f =1, which is not considered previously. On the other hand, if —1 < f < 1, then from Proposition 2.4 we see that the
stochastic process X approaches 0 in infinite time, with probability 1 — p*(x,) > 0. That is, in this case, with positive probability the
stochastic process X approaches 0 at infinity. Therefore, if x > x, it can happen with positive probability that the stochastic process
X does not approach x, this means that with positive probability the time of the first-passage time to x is infinite. Indeed, this occurs
as proved in Theorem 4.2.

3. A special monotone solution

Let us consider the sequence {u,}* = of real-valued functions defined in (0, K) as u; =1 and

x y
u,(x) 1= / s(y)/un_l(z)m(z)dzdy. 3.1)
K/2 K/2

In what follows the function

x y
L 2
““x)'_/ s(y)/ e

K2 K2

will be of special interest.
Lemma 3.1. For each A > 0, the series

u(hx) 1= Y A'u,(x), x€(0,K),
n=0
converges uniformly on compact subsets of (0, K). Furthermore, u(A, ) is decreasing (increasing) in (0, K /2) (respectively, in (K /2, K)) and
satisfies the differential equation

2
@ Q(/l, x)+ f(x)@(ﬂ,x) —Au(1,x)=0, x€(0,K), (3.2)
2 o0x2 0x
u(A,K/2)=1, Z—Z(A,K/2)=O. (3.3)
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Even more, for each 4> 0 and x € (0, K),

1+ Auy (%) < u(h, x) < e,

a
d—Z(/l,X) = As(x) / u(4, yym(y)dy,
K/2
()< S0 = B ) S e,
2u,(x) < &(L x) = i n(n— 1)A"2u,(x) < (ul(x))2 A
042 =~

B4

(3.5)

(3.6)

3.7)

Proof. The monotony property of u(4, -) follows easily from the definition of u,. Note also that u, > 1, n € N. For each x € (0, K) we

can verify, by mathematical induction, that

Uy (x) < (ul( )) R LD

From (3.8) we have the first part of inequality (3.4),

u(A, x)-Z/l” (x )<Z

/lu 5%
1() =M™ x e (0,K).

(3.8)

Using the M -test of Weierstrass we can conclude that Z;’;O A"u,(x) converges uniformly on compact subsets of (0, c), with respect

to the parameter A and uniformly on compact subsets of (0, K), with respect to the variable x.
For each k € N we deduce from (3.8) that

A" Fu,(x) < (uy(0)* (A (0)" ™, nz k.

(3.9

We can use the inequality (3.9) to see that Z:":l nA"'u,(x) converge uniformly on compact subsets of (0, ), and by a classical

result on analysis (see [24]) we get

g—iu, x)= Z nA" M, (x) <uy (0?1, x e (0, K).

n=1

This yields the inequality (3.6). Using (3.9) we can proceed in the same way to verify the inequality (3.7).
Now let us deal with the differentiability of u with respect to x. From (3.1) we get

u:,(x) =5(x) / u,_(z2)m(z)dz, xe€(0,K).
K/2

From (3.10), (3.8) and the monotone property of u;(x) we deduce

up(x ))
-n -’

The inequality (3.11) implies that Z:":I ﬁ"u; (x) converges uniformly on compact subsets of (0, K), then

|u;(x)| n=1,2,....

())

o0

Z—Zu,x) =Y Au(x), x€(0K)

n=1
On the other hand, since the functions f and g are continuous in (0, K) and g > 0 (see (2.2)) we can use
x
g(2 ) (A" () = A (A" uy_ () = f0) (AM(x), n=1,2,....

to verify that Z;": ) /l"u;’ (x) also converges uniformly on compact subsets of (0, K). Thus

2 [~
‘37‘2‘(/1, X)= Y Aull(x), x€(.K).
n=1

(3.10)

(3.11)

(3.12)

Using equality (3.12), we prove that u(4,-) is a solution of the differential equation (3.2). From the definition of u, we see that

u(4,K/2) =1 (the first initial condition in (3.3)) and u,(x) > 0 implies

7
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u(hx) =D Mu,(x)> 1+ (x),  x € (0,K),
n=0

which is the missing part in the inequality (3.4).
Since u,(x) > 0 we have, by the monotone convergence theorem, and (3.10)

& (hx)= a5y, / 3, (Im(2)dz
=lg )

X

= As(x) / (Z A"_lu,,_l(z)> m(z)dz
K/ =
x
= As(x) / u(A, z)m(z)dz.
K/2
This is precisely equality (3.5). Moreover, from here we obtain the initial condition that was missing in (3.3), (du/dx)(4,K/2) =
0. O

In what follows we will need only the second derivative of u(4, x) with respect to A, but from (3.9) we can see that u(:, x) is in
C*(0,0). As we have seen, the function u(4,-) is a solution of (3.2) and is monotonous in parts, it is decreasing in (0, K/2) and
increasing in (K /2, K). In order to apply the monotone convergence theorem, in the arguments that we will use in the next section,
we look for a solution of (3.2) that is monotone in its entire domain, that is, (0, K). This special solution is given in the following
result.

Lemma 3.2. Let A > 0 be fixed. The function

s(y)
u(4,y)

v(A,x) :=u(A, x)/ dy, x€(0,K), (3.13)
0

is monotone increasing and it is a solution of (3.2). For each A > 0 and x € (0, K) we also have

X

ov - s, ou s() Pl

a(i,x)—/uz(i’y)dyaﬂ(/l,x) 2u(A, )/ A )a/l A, ydy (3.14)
0

and

Po [ G Pu. [0 du,, o o

ﬁ(“)‘/u2u,y)dyaﬂu’x) 4/ Gy o2 M oz 4
0 0
+6u(h, x)/ 45((5)) —(/1 )) dy —2u(4, )/ 38((;))3,11; . ))dy. (3.15)

Proof. First we will see that the right hand side of (3.13) is monotonous. From (3.5), it follows that

2 )™ = =) 2 )
y dy
K/2

() u(A, Zym(z)dz. (3.16)

)

y
The derivative of the right hand side of (3.13) is

s(x) s(y)
u<1x>+ oC )/2<x>

K/2 X

[ -1

- u(4,y))

=30 / u(A, 2ym(z)dz - / a dy
u(4, X) J 1A [P uh, mz)dz

8
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5(x) / u(A m(z)dz
—s(x / K/2

= — (A, y) " dy
u(4, x) u(h, z2)m(z)dz 9V

X K/2
f u(A, z)m(z)dz | 5 B 1
= 5(x) / - e | W)™ dy+ ——
L G mzdz |0 u(4,0)
Observe that in the previous equality we have used that u(4,-) is monotonously decreasing in (0, K/2), therefore the limit
lim, o u(4, x) = u(4,0) > 1 exists, see (3.4).
If 0 < x < K /2, from (3.16) we see that (3/dy)(u(A, y))~! >0, 0 < y < x, and

K/2 K/2
/u(/l,z)m(z)dzs/u(/l,z)m(z)dz,
x y

implies that the right hand side of (3.13) is monotonously increasing in (0, K /2). On the other hand, let us suppose that K /2 < x < K,
and examine

X K/2
(4, z)m(z)d
/ 1— w ai(u(;hy))—l dy
/ u(A, z2)m(z)dz | %Y

0
vy X u maz T e - 1
_ / / Vg a_y(”“ ) dy
0 Kn u(A,z)ym(z)dz
K/2

[y u(A, 2)m(z)dz
[+ 2———— | Zaa ay
4 f u(A, z)ym(z)dz | Y

X

[ /I?/z u(A, z2)m(z)dz
+ -
K2

fK/2 u(A, z)ym(z)dz

] ;((x ! dy. (3.17)
y

The first integral in (3.17) is evidently positive. Additionally, if K/2 < x < K, then (9/9y)(u(4,))~! <0, K/2 < y < x, and
x y
/ u(A, z)ym(z)dz > / u(A, z)m(z)dz,
K/2 K/2
therefore the integrand in the second integral in (3.17) is positive. In this way, we can see that v(4,-) is well defined and it is
monotonously increasing in (0, K).

Performing a direct calculation we can verify that v(4, -) is a solution of equation (3.2).
By Lemma 3.1 we see that the differentiability of v(-, x) follows from the differentiability of the function

X

/ s(y)
= dy
u*(4,y)
0
To verify that such function is differentiable we observe that
-2
A,
'az 2| LGy 7 y)‘
<2 auu,y)’ <2u (e, 1€ (0,0),

where we have used (3.4) and (3.6). Since u, e is integrable in (0, x), then we can apply the differentiation Lebesgue theorem to
deduce the desired differentiability. From this (3.14) follows readily. Similarly, using (3.4) and (3.7) we can deduce the formula
(3.15). O

4. The first and second moment of the first-passage time
Let X be the unique solution of stochastic differential equation (1.3) that starts at x,, X, = x,. Recall that by T, we denote the
time of the first visit of stochastic process X to state x € (0, K), when beginning at x,. We begin this section by determining the

Laplace transform of T, which is given in terms of the monotonic increasing function v(4, x), found in the previous section.

9
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Proposition 4.1. Let x, € (0, K) be the initial state of process X, X, = x,, and let v(A, x) be the function defined in (3.13), then
_ U(A, XO)
T oA, x)

E [e_’lTX;Tx < oo] , x€(xy,K),

for each 4 € (0, ).
Proof. By Theorem 3 in [15] we know that X, € (0, K), ¢ > 0, almost surely. Using It6’s formula we get

(4, X g, Je M)
IATY

2
= v(/l,xo)+/ [g(xf) g ”(A,xs)+f(xs)%(A,xs)—/wu,xs) e Hds

2 ox?
0
(AT,
ov —As
t [ A XD a(K - X)X dB,.
0
By Lemma 3.2 we know that v(4, -) is a solution of (3.2), then
IAT,
(A Xy pg, )M — (A, xo) = / @(a,xs) e a(K-X,)X,dB,. (4.1)

ds
0

Since X5, <x,1>0, Lemma 3.2 and the former equality implies

AT,
v —As
a—(/l, X,)e M a(K — X,) X, dB,| < v(,x),
N
0

thus the corresponding stochastic integral is a bounded local martingale. Because a bounded local martingale is a martingale (see
Corollary 2.6 in Chapter 2 of [6]) we have that the stochastic integral is a martingale. Taken expectation in (4.1), we obtain

U(A! xo) = /8 [U(A, Xl/\TX )e_A(I/\Tx):I
—E [v(/l, Xy Jer 0T {TX@}] +E [v(/l, X,)e"“l{TX=°o}] : 4.2)
Using again Lemma 3.2 we get

|G X1, @) < swp o(hy)=v(hx), @€ (T =),
<y<x

If we take the limit in (4.2), as t - oo, we have by the dominated convergence theorem
v(A,xg)=E [U(L XTx)eﬁlT" I{Tx<ao}]
=F [U(A, x)e_’lTX;Tx < oo] .
From here, the conclusion of the theorem is straightforward. []
Let us denote the Laplace transform of T, by
¢ (M) :=E [T, <], 4>0.
With this notation we have our main result.
Theorem 4.2. Let X be the solution of (1.3), Xy = x € (0,K) and x € (0, K), with x; < x. If f <1 then

150 sdy

P{T, <0} = —1,
Jo s(dy
Joswdy 7
E[T:T, <oo] = et / sy (x) = 2u; (1dy
0 SMdy) 4
Xg
- m / SOy (xg) — 20y )1y
0 0

10
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and
X0
/ s([2uy(x) — 41 (V)u; (xo) + 6(u; (3)* — duy (»))dy
0
17 sy

- / SO2u5(x) = 41y W)y (%) + 6y (1)) = 4y ()] y
(Jo sdy)” 4

E [(TX)Z;TX < 00] = m
0

x X0
. / SOy (x) — 20y ()]l / SOy (xg) — 20y ()Idy
(fo sdy)™ 9
2
2 [0 sy

. 3 /S(y)[ul(x)—2u1(y)]dy
(fo sdy)™ |4

Proof. By estimating the integrals according to their order of convergence (as done in the proof of Proposition 2.3), we can verify
that the expression on the right hand side of each moment is finite.
In what follows we will use the dominated convergence theorem repeatedly. We observe that
P{T, < oo} = 111?01 ¢ (D), E|[T;T,<oo|= _IJIH P (A)
and
2. ;
E[T)* T, <oo| = %qf);’u).

Using Proposition 4.1 we obtain

E T T, < ] =—lim{

ov v(d,x0) v
s a(i,xo) - (/LX)} ;

(4, x) (WA x)2 04

and

E (T )% T, < o] =lim

1 0% v, x9) %o
b { (4, xq) — — (4, x)

v(Ax) oR WA, x)? 042

OO NOY) v 20(4, x¢) av 2
5 g G (§60)

From (3.4), (3.6) and (3.7) we calculate the following limits
li A,x)=1,
ﬂg u(A, x)
. du
lim —(4,x) = 5
lim M( x) =uy(x)

. 0%
lim ﬁ(’l’ x) = 2uy ().
Using the above limits and (3.13), (3.14), (3.15) we have

X

1- =
ﬁgu(’l’x) /S(y)dy,

0
lim 2h= / SOy uy (x) = 2 / sy ()dy,

0 0
lim@(ix)=2/s( )d u(x)—4/s( Y, (V)dy u(x)
AlO()/lZ’ y)ay uy yuy)ay u;

0 0

+6 / s()(uy()*dy —4 / s(uy(y)dy.

0 0

Using such limits, the desired result is accomplished. []

11
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Now let us deal with the moments of the first-passage time T, of the processes X when 0 < x < x,. In this case, for 1 > 0, we
introduce the function

s(y)
u?(4,y)

K
w(A, x) :=u(/1,x)/ dy, xe€(0,K).

As before, we can see that w(4, -) is monotone decreasing and it is a solution of (3.2), for each 4> 0. If X, = x; € (0, K) we have

_ w(A,xg)
T whx)

We also achieve an analog of Theorem 4.2.

E e T, < 0| x € (0,xp).

Theorem 4.3. Let X be the solution of (1.3), X, =x( € (0,K) and x € (0, K), with x, > x. If f > —1 then

K
P{T, <0} = 7/)60 o
S sy
[ shdy  f
. L 5 s(y)dy
E[T:T <oo] = ————— [ sO)luy(x) = 2u;(»)ldy

(/5 smay)

K
ol
— | s)[uy(xp) = 2u;(M]dy
S sty e
and
K
E[T)%T, <oo] = ——— / S [2ux(xo) = 4uy (Vuy (Xo) + 601 (1)) = 4, (»)]1dy

[ sty )

K K
[ey sy )
e e g / s(M[2uy(x) — duy (Y)ug (x) + 6(u; ()" — 4uy(¥)dy

(/5 say)

K K

0 %/S(Y)[MI(X)—Zul(Y)]dY/S(Y)[ul(xo)_zul(.)’)]dy
(5 say) o
2

2 [ sG)dy
e /S(y)[ul(X)—Zul(y)]dy

(S sway) \x
5. Some real world problems

In this section, we will address the estimation of the first arrival time of two stochastic processes related to real problems. The
first deals with the study of the growth of cancerous tumors, and the second deals with the problem of world population growth.
In both cases, there is the option that the process dies out at infinity or reaches its level of charge capacity at infinity. It should be
noted that this dichotomy is not observed in the deterministic model. Here we can say with what probability one level 0 or K can
be reached at infinity.

Calculating the time of first arrival, T\, is crucial for our applications. In the subsequent subsection, we introduce a scheme that
effectively tackles this task, a method we believe will prove highly valuable.

5.1. Numerical considerations

We need to evaluate integrals in the following form:

X0

x oy
/s(x)dx, ul(x)=//s(y)m(z)dzdy and
0

X0 X0

12
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X

X y w
/ sy ()dy = / / / sO)s(wym()d zdwdy.
0

0 xp Xp

Due to the presence of a singularity at 0 in the function s(x) = (K;x ), its evaluation is not straightforward. Classical methods or

software are typically tailored for computing integrals with smoother integrands. Here, we introduce an evaluation method that
proves highly advantageous, particularly when computing integrals dependent on three variables. This method becomes crucial,
given that even widely used software (such as Octave, Mathematica, or Matlab) has failed to evaluate it.

Given meNU {0}, neNU{0}, j € {0,1} and y € R, we define the symbol

m S —hn y
S () = Z(—K) <n> K>0.
n=j

By employing Mertens’ theorem for the product of series, we can justify the interchange of the integral and the sum in the
subsequent evaluations:

X0

5 oo ( )n p+1
/s(x)dx K”s; 0(ﬁ) N
0
_ LLL 1l KDy gemyip }
uy(x) = @Ky |7=1 {lnx In(K/2) 1= (x (K/2)'™P)
. 1 x" —(K/2)" (K/z)n+ﬁ—l 1-p 1-p
+S52,(=2-p) ey { p - T (x' 77 =(K/2) )}

+S% (B S (=2 = f) ———— +ﬂ

X = (KJ (K/2>"+‘* P (i Jayh }
X{ n+j J=p+1 « e : ]

and

X

i ZKﬂ i—p+1 1
/S(Y)ul(J’)dY— @K = S20B) [ﬁ {W (1 nx - m)
0

X ngk /2) <1</2>ﬂ—1< xi=2042 _xf-ﬂ“(K/z)l-ﬂ)}

i-p+1  1-p \i-28+2 i—p+1

= 1 xhHi=p+1 xi=p+1 (K /2)"
w5 ﬁ {Z<n+i—ﬁ+1_ i—f+1 )
(K/z)nﬂ?—l xi+2-28 xi=p+1 (K/z)l—ﬁ
T 1-p <i+2—2ﬁ_ i—p+1 )}

o 1
+S 2LBSE(=2=p) m

{ 1 < xh+j+i=f+1 xi—ﬂ+1(1</2)n+j>
X

n+j\n+j+i—p+1  i—p+1
(K/z)n+ﬂ—l I —2B+2+i xi—p+1 (K/z)j—ﬂ+l
T j—p+1 <j—2ﬂ+2+i_ i—f+1 )}]

5.2. Cancer tumor growth

It is well known that the growth of tumors in humans is highly dependent on the type of tumor. The most frequent types of
growth are exponential and of sigmoidal type growth (see [17]). In our case, we are interested in tumors that grow sigmoidally,
since this type of growth is modeled very well by a logistic differential equation. Indeed, this is the case of the growth of a Jurkat T
human leukemia, the data from a sample is plotted in Fig. 1(a) (see [23]).

To fit the data to a logistic function of the form (1.2) we consider a new variable 7 = rK and use the function n/s (nonlinear least
squares) of software R. To be able to apply this function we assume initial conditions (0,47.619 x 10~3), K =3 and 7 = 1. Doing the
above, we find the fit values K = 2.442 and 7 = 0.885. With these quantities we obtain the sigmoidal function

_ 11.633 x 102
"7 47,619 x73 +2.395 ¢~ 08851

Its graph appears in blue in Fig. 1(b).

>0. (5.1)

13
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(a) A sample of Jurkat T human leukemia growth. (b) In blue the graph of the sigmoidal function (5.1).

Fig. 1. Modeling the growth of a cancerous tumor.

Table 1
Probabilities and expected values of first-passage times upper x, of a tumor
growth.
a x 0.1 0.5 i 1.5 2
065 P[T, < o] 0.804 0.512 0.432 0.398 0.382
i E[T|T,<o| 1985 6349 8313 9554  10.607
0.75 P[T, < 0] 0.706 0.340 0.255 0.220 0.203
) E[T|T, <] 0949 3.095 4144 4886 5617
0585 P[T, < o0] 0.648 0.257 0.177 0.146 0.130

E[T T, <] 0595 1.959 2652 3.170 3718

As we have mentioned in the introduction, in this case, the medium promotes a tumor growth factor of r = 0.362. If we add the
uncertainty to this factor, we obtain the stochastic differential equation

dX,=0362X,(2.443 — X,)dt + aX,(2.443 — X,)dB,, >0, (5.2)

with initial condition X, = 47.619 x 10~3 millions cells and

a > 0.544.

This inequality is due to the fact that in the Theorem 4.2 it is required that f < 1, see (2.3).

Using Theorem 4.2 we calculate, for several values of a, the probability P[T, < o] and the conditional expected value
E [TX T, < oo]. These values are summarized in Table 1.

From the definition (5.1) of the sigmoidal function we see that

Xog63 0.1, X589 ® 0.5, X4010~ 1, X40950~ 1.5, Xg199~2. (5.3)

On the other hand, from Table 1 we see that for small values of a the probabilities are higher than for slightly larger values. An
opposite effect is observed in the conditional expected values. In both cases (@ = 0.65 or a = 85), we note that the conditioned
expected values are outside the range of the sigmoidal function, see (5.3), which we can use in principle as a starting point to model
the behavior of the average growth of cancerous tumors when they reach their maximum volume (the carrying capacity, K = 2.442)
or minimum volume (the cure of the cancerous tumor). Thus, we see that if we consider the fluctuation of the conditional expected
values and the corresponding probabilities, then a feasible value for a can be 0.75. With this value of a we observe that when x =0.1
then the probability to reach this value in finite time is high (0.706) and the estimated conditional expected value is 0.949 which is
close to the sigmoidal value 0.863. A similar behavior occurs with the other values of x, 0.5,1,1.5 and 2, see (5.3) and Table 1.

For the data plotted in Fig. 1(a) we observe that at the beginning there was a tumor of 47.619 x 10~3 million cells. Since a = 0.75,
then f = 0.527 therefore from (2.6) it follows that with probability 0.377 the tumor reaches its maximum volume at infinity, that is,
K million of cells, and from Table 1 we see that under the condition that it will take a finite time to reach level K, then it takes an
average of a little more than 5.617 days to reach level K. Using the function sde.sim from the library sde of software R we give in
Fig. 2 two paths in red of the stochastic process X defined in (5.2).

From (2.7) we see that with probability 0.622 the tumor is extinguished at infinity, that is, it is not necessarily true that it grows.
Furthermore, according to the stochastic model, there is a probability of 0.293 that the tumor will never reach a volume of 0.1 million
cells. Therefore, a recovery of the patient. Similarly, we can say that on the fifth day the tumor is expected to have an average volume
of 2 million cells with a probability close to 0.203.

Remember that X, = 47.629 x 10~3 million cells and a = 0.75, so we use the Theorem 4.3 to build the Table 2. We see that the
probabilities of the first arrival of the stochastic process X, solution of (5.2), at X/-, when it starts at 47.619 X 1073 million cells,
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(a) A path of X tending to K = 2.4429482. (b) A path of X tending to 0.

Fig. 2. In red some simulated paths of a tumor growth X, given in (5.2).

Table 2
Probabilities and expected values of first-passage times below x, of a
tumor growth.

x Xo/2 X, /4 X,/8 X,/16 X,/32

P[T, < ] 0.898 0.830 0781 0745  0.719
E[T T, <] 0758 1598 2521 3527  4.613

are high, which indicates that there are more possibilities of recovery than of death. In fact, it tells us that the behavior of the growth
or decrease of the tumor is immediately reflected. For example, with a probability of 0.8988 the first-passage time at half the initial
size of the tumor is finite and under this assumption the expected time is 0.758 days.

Here we note that the deterministic model does not consider the possibility of a cure, unlike the stochastic model; furthermore,
conditional estimates of the expected time to tumor growth are given and probabilities for said estimates are obtained.

5.3. World population

It is clearly evident that the earth’s natural resources are limited, so it is important to know what is the maximum population
the earth can sustain indefinitely. This amount is called carrying capacity. Drinking water, fertile land and fisheries are insufficient
to sustain the growth of the world’s population. Furthermore, waste is increasing considerably, thus forming a harmful cycle for
the planet. Twenty studies consider that the carrying capacity of the earth is less than or equal to 8 billion inhabitants and another
fourteen studies affirm that the carrying capacity is 16 billion inhabitants (see [3]). The carrying capacity of 8 billion has already
been exceeded, the world population as of February 7, 2023 is 8,015,493,917 people.

As we have said, as the population increases, the damage to the different ecosystems of the earth increases, which makes their
recovery increasingly difficult. In turn, in recent years climate change has caused rising temperatures, more powerful storms, in-
creased droughts, rising ocean levels, disappearance of species, food shortages, more health risks, poverty and displacement, among
other effects. We know that, the parameter r of the deterministic logistic model (1.1) is interpreted as a measure of the quality of
the environment. Therefore, it makes sense to introduce some noise, caused for example by climate change, in said parameter. The
purpose of this subsection is to study this new stochastic model.

Fig. 3(a) shows the world population from 1950 to 2023 (see [29]). To determine the carrying capacity we will use this informa-
tion. We proceed as in the previous example, setting the initial conditions (2023,8.015, K = 11 and 7 = 0.02. With this we find the
fit values K = 11.981 and r = 2.369 x 1073. Therefore, we obtain a sigmoidal function that models the deterministic growth of the
world population

X, = 96.032 , 5.4)
8.015 + 3.965 ¢—28.388x1073 (1-2023)
We observe in particular that X,,3 = 8.015 billion people and
Xo024.128 ® 8.1, Xo9.657 7 8.5, X5037.133 ® 9, Xpos5.241 & 10, Xgg3357 = 11 (5.5)

The blue curve in Fig. 3(b) is the graph of (5.4).

Unlike the previous case, where we could take several samples of the growth of the cancerous tumor, that is, consider several
patients, in this case it is reasonable to adjust the parameters of the logistic model and simulate the possible future scenarios when we
incorporate a small amount of noise into the deterministic model. By incorporating an additive noise in the parameter that measures
the quality of the environment, r = 2.369 x 10~3, we obtain the stochastic differential equation

dX,=2.369x 1073 X,(11.981 — X,)dt + aX,(11.981 — X)dB,, >0, (5.6)
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Fig. 3. Modeling the growth of the world population.

Table 3
Probabilities and expected values of first-passage times upper x of the world population.

a x 8.1 8.5 9 10 11
0.022 P[T, < ] 0.999 0.995 0.991 0.985 0.982

) E [TXITX < oo] 2024.520 2031.560 2040.077 2056.888 2076.151
0.023 P[T, < o0] 0.998 0.993 0.987 0.977 0.972

i E [TXIT>c < oo] 2024.253 2030.115 2037.346 2052.121 2069.859
0.024 P[T, < o] 0.998 0.990 0.982 0.969 0.961

) E [TxlTx < oo] 2024.083 2029.187 2035.567 2048.915 2065.446

&+ &~
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(a) A path of X tending to K = 11.981. (b) A path of X tending to 0.

Fig. 4. In red some simulated paths of the world population X, given in (5.6).

with initial condition X, = 8.015 billion people. It is worth noting that (in time) the initial point of equation (5.6) is 0, which actually
represents the year 2023. Taking this observation into account and that

a>19.888x 1073,

we vary the parameter @ and obtain the values in Table 3. If we consider that the logistic model (5.4) represents the average behavior
of the world population, then of the values of the parameter « that appear in Table 3, the most appropriate is a = 0.023, see (5.5).
From the values in this table we see that the world population will almost surely grow. For example, in approximately 14 more years,
that is, in the year 2037, there will be an average of 9 billion people with a probability of 0.987. Furthermore, since f =0.747 < 1,
then from Proposition 2.4 we see that the carrying capacity K is reached at infinity with a probability of 0.995. According to this
stochastic logistic model, the probability of extinction is 4.76 X 1073, We recall that in this model, at infinity the stochastic process
tends almost surely to 0 or K, see for example the trajectories in Fig. 4.

On the other hand, since f =0.747 > —1 we can use Theorem 4.3, with « =0.023 and X, = 8.015 billion people, to get Table 4.
Here the opposite behavior is observed, that is, the probabilities are small and the values of the expected times are a little higher.
However, we do get insightful information; for example, if climate change produces adverse effects over a continuous cycle, then the
world’s population will on average halve over the next twenty eight years, and the probability of this happening is 0.177.
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Table 4
Probabilities and expected values of first-passage times below x, of the world population.

x X,/2 X, /4 X,/8 X,/16 X,/32

P[T, < 0] 0.177 0.083 0.052 0.037 0.029
E [TxlTx < oo] 2051.020 2072.795 2094.833 2118.966 2146.132

6. Conclusions

In the present work, the first and second moments of the first arrival times have been obtained under the assumption that these
times are finite. In order to illustrate these results, two real-world problems have been considered. In the first one, the growth of a
Jurkat T human leukemia tumor was modeled; as a relevant aspect, it was obtained that it is more likely to recover from this disease
than to die from it. Indeed, in the course of the first day, the tumor is reduced by half, with a probability of almost 90%. In the
second, the growth of the world population is modeled, considering climate change as a possible disturbing effect. In this case, we
determined the carrying capacity of the planet and saw that, although unlikely (a probability of the order of 18%), if climate change
causes a continuous series of natural disasters, then it is feasible that in a period of twenty eight years the population is cut in half.
This seems quite worrying to us, and it is necessary to implement policies at the global level to reduce this probability.
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Conclusion

Capitulo 1: Los teoremas de punto fijo son especialmente utiles para demostrar la existencia
de soluciones de ecuaciones diferenciales e integrales. En este trabajo, se vié que el Teorema 1.1
se aplica para demostrar la unicidad y existencia de ciertos tipos de ecuaciones de Fredholm y
algunas ecuaciones diferenciales fraccionarias en el sentido de Caputo, que es un area de interés
reciente en la teoria de punto fijo. En la ltima seccién del articulo se mostraron algunas las
aplicaciones del teorema del punto fijo.

Capitulo 2: En este articulo se analizé el primer tiempo de llegada del proceso estocastico 1.
Bajo la premisa de que el niimero de reproduccion estocastica es menor que uno, se calcula la
probabilidad de que el primer tiempo de llegada sea finito. Condicionado a esto, se determiné
su valor esperado de dicho momento. En el contexto de este supuesto se demuestré que el
proceso estocastico I se aproxima a cero a conforme el tiempo tiende a infinito. En otras
palabras, la enfermedad tiende a extinguirse. Asi, es posible resolver la conjetura formulada
en [9].

Ademas, el modelo SIS estocéastico se aplico en tres situaciones con datos reales y se propone
un esquema numérico para hallar el momento condicional. En los dos primeros ejemplos, la
solucién determinista se adopté como un comportamiento medio de los fenémenos, y con este
enfoque se establecen los posibles valores del parametro estocastico. El mérito de este método
reside en que permitié evaluar con qué probabilidad se alcanza un valor superior al inicial,
lo que a su vez facilita la toma de decisiones en funcién de la probabilidad de dicho valor.
En el tercer ejemplo, se utilizé en primer lugar un método de ajuste no lineal para identificar
el modelo determinista méas adecuado. Posteriormente, a partir de este modelo ajustado, se
procedi6 de forma similar a los dos ejemplos anteriores.

En resumen, la incorporacién de ruido aleatorio genera resultados significativamente distintos
a los de la contraparte determinista. De hecho, las simulaciones revelan distintas trayectorias
aleatorias que reflejan con mayor precision las complejidades del mundo real. Ademas, se
calcularon con éxito la esperanza condicional del primer tiempo de llegada y se explord el
comportamiento asintético del proceso estocdstico I. Se considera que estas metodologias
son herramientas versatiles aplicables a diversos escenarios, ampliando asi la practicidad y
adaptabilidad de los métodos estocasticos.
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CAPITULO 4. CONCLUSION 64

Capitulo 3: En el trabajo presentado, el primer y segundo momento de primera pasada se
obtevieron suponiendo que dichos tiempos son finitos. Para ilustrar estos resultados, se han
considerado dos problemas con datos obtenidos bajo circunstancias reales. En el primero, el
crecimiento de células cancerigenas de leucemia humana Jurkat T; como aspecto relevante, se
obtuvo que es mas probable recuperarse de esta enfermedad que morir por ella. De hecho, en el
transcurso del primer dia, el tumor se reduce a la mitad, con una probabilidad de casi el 90 %.
En el segundo ejemplo, se modela el crecimiento de la poblacién mundial, considerando el
cambio climéatico como un posible efecto perturbador. En este caso se determindé la capacidad
de carga del planeta y se vi6 que, aunque improbable (una probabilidad del orden del 18 %), si
el cambio climéatico provoca una serie continua de catastrofes naturales, entonces es factible que
en un periodo de veintiocho anos la poblacién se reduzca a la mitad. Esto dato es preocupante,
y es necesario aplicar politicas a escala mundial para reducir esta probabilidad.
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