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Resumen

En este manuscrito, trabajamos con las ecuaciones de Burgers—Fisher y Burgers—Huxley en multiples
dimensiones, las cuales son ecuaciones diferenciales parabolicas. En estas ecuaciones tomamos el tér-
mino de difusién y adveccion como fraccionario de tipo Riesz, y el término de reaccién como no lin-
eal. Consideramos condiciones iniciales y de frontera como positivas y acotadas. Existen soluciones
analiticas de estas ecuaciones que son del tipo onda viajera, positivas y acotadas. Proponemos dos
métodos basados en diferencias finitas para aproximar las soluciones de estas ecuaciones. El primer
método es un método implicito el cual esta basado en la técnica de Crank-Nikolson. EI segundo
método es un método explicito el cual esta basado en la técnica de Bhattacharya. Ambos métodos
se basan en el uso de las diferencias centradas fraccionarias, ya que éstas permiten aproximar la
derivada fraccionaria de Riesz. Para cada método se estudian sus propiedades estructurales (exis-
tencia, unicidad, positividad y acotacién) como sus propiedades numéricas (consistencia, estabilidad
y convergencia). Por altimo, para cada método se hacen simulaciones, con el objetivo de ilustrar
las aproximaciones a las soluciones analiticas y, ademas, mostrar que los métodos son capaces de

preservar sus propiedades estructurales y numéricas.



Abstract

In this manuscript, we work with the well-known Burgers—Fisher and Burgers—Huxley equations in
multiple dimensions, which are parabolic differential equations. In these equations, the diffusion
and advection terms are fractional of Riesz type, and the reaction term is nonlinear. We consider
the initial-boundary conditions as positive and bounded. We know that some analytical solutions of
these equations are traveling-wave solutions, positive and bounded. We propose two methods based
on finite differences to approximate the solutions of these equations. The first method is an implicit
method which is based on the Crank-Nicolson technique. The second method is an explicit method
which is based on the Bhattacharya approach. Both methods are based on the use of fractional cen-
tered differences, which help us to approximate the Riesz fractional derivatives. For each method, we
study the structural properties (existence, uniqueness, positivity and boundedness) and the numer-
ical properties (consistency, stability, and convergence). Finally, for each method, we perform some
simulations to depict the numerical approximations. Moreover, we show that all methods are capable

to preserve the structural properties.



Introduction

Aims and scope

Partial differential equations have been a fundamental piece in the scientific and technological devel-
opment in the world. They allow us, in between other things, to study the structure and the behavior
of diverse physical phenomena in the nature. In this thesis, we work with Burgers’ equation who
was proposed as a model of turbulent fluid motion by J. M. Burgers in several articles [1]. We can
obtained the Burgers’ equation as result of combining nonlinear wave motion with linear diffusion
and is the simplest model for analyzing combined effect of nonlinear advection and diffusion [2]. In
recent years, there has been an interest in the Burgers’ equation, since, this equatuion is found natu-
rally in a number of diverse contexts [3]. Is for this reason that this equation is used to study the gas
dynamics [4], traffic flow [5], acoustic [6], heat conduction [7], among others physical phenomena.

Fractional calculus is the field of mathematical analysis which deals with the investigation and
applications of integrals and derivatives of arbitrary order [8]. Recently, considerable interest in
fractional calculus has been stimulated by the applications found in numerical analysis and different
areas of physics and engineering [8]. Notable contributions to the fractional calculus were made
successively by Laplace, Fourier, Abel, Liouville, Riemann, Heaviside and - in the present century —
by Bateman, Hardy, Weyl, Riesz, and Courant, as well as by many pure and applied mathematicians
of lesser reknown [9]. Due to their contributions, we count with the Riemann-Liouville, Marchaud-
Hadamard, Weyl, Riesz, and Griinwald-Letnikov fractional derivatives in space who are defined in
[10] and the Caputo fractional derivative in time who is defined in [11]. In particular, this discipline
involves the notion and methods of solving of differential equations involving fractional derivatives
of the unknown function, called fractional differential equations [12].

The study of physical phenomena with long-range interactions has been an interesting topic in
last years due to their several applications. We can find applications in optical solitons [13], molecular
dynamics [14], among others. We follow the work made by Vasily E. Tarasov [15]. We considered a
discrete interacting particle system in one dimension, that is modeled by a discrete motion equation.
The objective is to obtain the continuous motion equation, where we can find the Riesz fractional
derivative. In this thesis, we use the Riesz fractional derivative due to his nature, moreover, this
derivative allows us to preserve the properties and features of the physical phenonema.

Image processing is an important and wide topic of investigation in computer science due to



several different methods to restore the information on a digital picture. Moreover, the work of
Perona and Malik in anisotropic diffusion was the cornerstone for more development of this topic
[16]. In this thesis, we are interested in methods based on partial differential equations to image
denoising since are methods that preserve edges and features of the image. However, sometimes the
use of these methods presents drawbacks due to the selection of parameters in the partial differential
equation, in the discretization and the numerical scheme that we will use [17].

The purpose of this thesis is to apply a method based on Burgers—Fisher and Burger-Huxley equa-
tions in multiple dimensions where the diffusion, convection, and advection terms are fractionals of
Riesz type to image denoising. Moreover, we consider positive and bounded initial-boundary con-
ditions, and the rectangular domain is closed and bounded. We work with two discrete methods,
one based in Crank-Nikolson implicit technique and other in Bhattacharya explicit technique, both,
in finite differences. For each technique, we show the structural properties (numerical solutions ex-
ists and are unique, positive and bounded). Also, we show the numerical properties. The method
with Crank-Nikolson technique has quadratic consistency, is stable and has quadratic convergence.
The method with Bhattacharya technique has linear consistency, is stable ans has linear convergence.

Finally, we implement the methods in different images to appreciate the obtained results.

Work Organization

This thesis is sectioned as follows.

* Chapter 1 provides a way to obtain the Riesz fractional derivative in space. Indeed, we work
with a discrete system of interacting particles, where the distance between particles is uniform
and the particles are in fact oscillators. We can model the dynamic of this system using a dis-
crete equation of motion. Subsequently, we apply a serie of operations to discrete equation
motion to obtain a continuous equation motion, where we can find the Riesz fractional deriva-

tive in space.

* Chapter 2 presents two partial differential equations, the well know Burgers—Fisher and Burgers

Huxley equations in two dimensions, where the diffusion and advection terms are fractionals
of Riesz type, and the initial-boundary conditions are positive and bounded. We use a lin-
ear three-steps Crank-Nikolson technique with fractional centered differences to get approx-
imations to analytical solutions [18] which are positive and bounded. It is worth mentioning
that the finite-difference method preserves the positivity and the boundedness of the approx-
imations. We show that our technique has quadratic consistency, is stable and has quadratic

convergence order.

* Chapter 3 shows a parabolic equation where the diffusion and advection terms are fractionals of
Riesz type. We work with the generalization of the Burgers—Fisher and Burgers—Huxley models.
We want to approximate the solutions of this models using a variable—step Bhattacharya—type
finite—difference scheme with the fractional centered differences. This technique is explicit
since we obtain the solutions in an easy way and preserves the positivity, boundedness and the
monotonicity of the approximations as the analytical solutions. Also, this technique is consis-

tency, stable and convergent.



* This thesis closes with a section of conclusions for each chapter and a list of relevant references.



Preliminaries

1.1 Introduction

Derivatives are one of the most important tools in mathematics, which were developed by Isaac New-
ton and Gottfried Leibniz. Derivatives allow us study easy physical models as complicate physical
models using partial differential equations. Also, there exists models based in partial differential
equations to image restoration, as example we have the diffusion equation [19], [20].

Equations which involve derivatives or integrals of noninteger order are very successful in de-
scribing anomalous kinetics and transport and continuous time random walks. Usually, the fractional
equations for dynamics or kinetics apper as some phenomenological models. Recently, a method to
obtain fractional analogues of equations of motion was considered for sets of coupled particles with
long-range interaction. Examples of systems with interacting oscillators, spin or waves are used for
many applications in physics [21], chemistry [22] and biology [23].

In this chapter we consider a physical discrete system of interacting particles, where the system
is modeled by a discrete motion equation. The aim is to obtain the continuous motion equation of
this physical system where we can find the Riesz fractional derivative in space, using the continuous
limit process. The continuous limit process is a transform that involves the Fourier series transform,
the limit when the distance between particle tends to zero and the inverse Fourier transform. We
define the concept of a-interactions, since the a-interaction give us the order in the Riesz fractional
derivative. Also, we generalize the physical discrete system in the three-dimension case to obtain the

continuous analogous.

1.2 Transform Operation

In this subsection we define the discrete model which describes the dynamic of the oscillators. Also,
we follow the concept of Fourier series transform and the inverse Fourier transform to define a trans-
form operation, this transform operation will help us to get the continuous model analogous to dis-
crete model.

Let t > 0, we consider a system of interacting particles called oscillators whose dynamics is de-

10



scribed by the equations of motion

du,
dt

(t) = I (u(t)) + F(u (1)) (1.1)

for all n € Z, where u,, are displacements from the equilibrium. The term F(u,) which represent an
interaction of the oscillators u,, with an external force, the term I,,(#) for linear long-range interaction
is defined by

(9]

I(u) = Z J(n,m)[u, —uy,] (1.2)

where ] € L?(Z) describes the dynamical between particles.

We consider a wide class of interactions (1.2) that create a possibility of presenting the continuous
medium equations with fractional derivatives. We need to define the operation which transforms the
discrete model (1.1) for u,(t) into continuous medium equation for u(x, f). We assume that u,(t) are
Fourier coefficients of some function #(k, t). Then we define the field #(k, t) on [-K/2,K/2] as

(o]

)= ) u(t)e = Fyfu, (1), (1.3)

n=-—0o

where x,, = nAx, Ax = 21t/K is the distance between oscillators and

1 (k2 ,
u,(t) = —j i(k, t)e'*ndk = ]-"A_l{ﬁ(k, t)}. (1.4)

K J k2
These equations are the basis for the Fourier transform, which is obtained by transforming from
a discrete variable to a continuous one in the limit Ax — 0 (K — o). The Fourier transform can
be derived from (1.3) and (1.4) in the limit as Ax — 0. Replace the discrete u,(t) = (2t/K)u(x,, t)
with continuous u(x, t) while letting x,, = nAx = 2rn/K — x. Then change the sum to an integral and

equations (1.3), (1.4) become

a(k,t) = foo u(x, )" dx = Flu(x,t)), (1.5)
u(x,t) = % Jm ia(k,t)e’*®dk = F{a(k, ). (1.6)

Here,
ia(k,t) = Li(k,t) (1.7)

and £ denotes the passage to the limit Ax — 0 (K — o0). Note that ii(k,t) is a Fourier trans-
form of the field u(x,t) and #i(k,t) is a Fourier series transform of u,(¢), where we can use u,(t) =
(21/K)u(nAx,t). The function #(k, t) can be derived from ii(k, t) in the limit Ax — 0.

The map of a discrete model into the continuous one can be defined by the transform operation.

Definition 1.1. We define the transform operation T as a combination of the following operations:

1. The Fourier series transform:
Fa i u,(t) — di(k, t) (1.8)

11



2. The passage to the limit Ax — 0:

Lk, t)— ik, t) (1.9)
3. The inverse Fourier transform:
Fliii(k,t) — u(x, t) (1.10)
Then, the operation
T=F1LF (1.11)

is called a transform operation, since it performs a transform of a discrete model of coupled oscillators

into the continuous medium model.

1.3 From Discrete to Continuous Equation

The main aim in this subsection is to define the concept of a-interaction to obtain the continuous
equation with Riesz fractional derivative from discrete equation (1.1), using the transform operator
(1.11) previously defined. Let us consider the interparticle interaction that is described by (1.2), then
for ] e LZ(Z) and for all m,n € Z, the term J(n,m) satisfies the condition

J(nm)=J(n=m)=J(m=n), Y K <o (1.12)

and note that J(—k) = J(k) for all k € Z.

Definition 1.2. The interaction terms (1.2) and (1.12) in the equation of motion (1.1) are called a-

interaction if the function

Jo(k) = Z e‘ik"](n) = 2ZI(n)cos(kn) (1.13)
B0 n=1

satisfies the condition

|fa(k) _fa(0)|

kli_n:lo G =A, (1.14)
where a > 0 and 0 <|A,| < .
Condition (1.14) means that f, (k) —J,(0) = O(|k|?), i.e.
Ja(k) = Ja(0) = AqlKI* + R (K), (1.15)
for k — 0, where
klinoljz—l(“k) =0 (1.16)

Proposition 1.1. The transform operation T maps the discrete equations of motion

d (oY)
u;t(t) = ,,,:Z_;x,](n’ m)[uy, (1) =ty (£)] + F(u,,(1)) (1.17)

12



with noninteger a-interaction into the fractional continuous medium equations:

o

%u(x,t)—GaAaalaTlau(x,t)—P(u(x,t))= 0 (1.18)

where d*/d|x|* is the Riesz fractional derivative and G, = |Ax|* is a finite parameter.

—iknAx

Proof. To derive the equation for the field i (k, t), we multiply equation (1.17) by e ,and summing

over n from —oo to co. Then,

o0 [ee)

du .

—zknAx n —1knAx —iknAx

E E E J(n,m)[u, —u,, ]+ E e F(u,) (1.19)
n=—o00 n=—o00 mmin Hn=—oo

The left-hand side of (1.19) gives

(o] (o]

o _lmxdudt( ) _ % Y ehny, ) - 2R (1.20)

n=—oo n=—oco

where ii(k, t) is defined by (1.3). The second term on the right-hand side of (1.19) is

(&)

Y e AR () = FA(F (). (1.21)

n=-—oco

The first term on the right-hand side of (1.19) is

Z Z e—iknAx](n,m)[un Z Z e—lknAx] (n, m)u,
et :_W’Z@;ﬁow (1.22)

_ Z Z e—iknAxI(n,m)um.

n=—oo M=—00
m#n

The first term on the right-hand side of (1.22) gives

Z Z e—iknAx](n’m)un i Z e—iknAxun Z J(n, m)
n=—0o m”?;;;o n=—00 mn?;;o
= ) [t Z J(m (1.23)
n=—co oo
m’ 20
= Z e_iknAxunia(O)
n=—co
= 1i(k,1)],(0),

since m,n € Z, we can take m’ € Z such that m = m’ + n, and where we use (1.12) with J(n,m’ + n) =

13



J(m’), the transform (1.3) and
JalkAx)= )" e A5 (n) = Fufj (n)) (1.24)

n=—oco
n=0

Similarly, the second term on the right-hand side of (1.22) gives

i i e—iknAx](n,m)um

I
M
M

N‘

§;
=

2

2
$

Nn=—oo | Mm=—0oo m=—o0 | 1=—00
m#n n=m
[ee) (o]
_ Z ", e—lknAx](n’m)
M=—00 m=—o0
| m=n
(o) oo
_ Z ", Z o ik(n +m)Ax](nr)
m=—-00 n'=—co
n’#0 :
- X (1.25)
- Z iy, Z oikn Axe—lkmAx](nI)
m=—-00 n'=—co
L n’=0 J
[ee) (o]
_ Z ume—ikmAx Z e—ikn’Ax](nf)
m=—-00 n'=—oco
n’=0
(o]
E Z ume_lk"’AXfa(kAx)
m=—co
= (k1)) (kAx)

since m, n € Z, we can take n’ € Z such that n = n’+m, and where we use (1.12) with J(n’+m,m) = J(n’),
the transform (1.3) and (1.24).
As a result, equation (1.19) has the form

di(k,t)
dt

= [Ja(0) = Ja (kAX)]i (K, 1) + Fa{F(1,)). (1.26)

where Fa{F(u,)} is an operator notation for the Fourier series transform of F(u,,). O

The Fourier series transform F, of (1.17) gives (1.26). We will be interested in the limit Ax — 0.

Using (1.1), equation (1.26) can be written as

di(k,t .
D) [ A lnl® ~ Ry (k)i 1)~ FaF(ug)) = 0
then dii(k, 1)
u ’ - A
WD) | I Ry (RAX)AX] ik, 1)~ FzF(a)) = 0
Finally, we have
di(k,t . .
BUED) G o p R 1)~ FalFla) =0 (127)
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where we use finite parameter G, = |Ax|* and
Toa(k) = ~AalKI" = Ry (kAX)|Ax| .

Note that R, satisfies the condition
R, (kA
Ax—0  |Ax|*

The expression for fayA(k) can be considered as a Fourier transform of the operator (1.2).

The passage to the limit Ax — 0 for the third term of (1.27) gives
L : FAF(u,) — LFAF(uy).
Then,
LINF(up)} = FALF (uy)} = FAF(Luy)} = F(F(u(x, 1))}

where we use LF) = F L.
As a result, equation (1.27) in the limit Ax — 0 obtains

dit(k, 1)
ot

— G (k)ii(k, t) = F{F(u(x,t))} =0,

where
a(k,t) = La(k,t),  To(k)= LTy (k) = -AglKI*.

The inverse Fourier transform of (1.31) gives

9ug;, 28 GaZo(x)u(x, t) = F(u(x, 1)) =0,
where 7,(x) is an operator,
1 2%
Tolx) = FHZa(k)) = Aam-

(1.28)

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)

In (1.33), we used the connection [24] between the Riesz fractional derivative and its Fourier trans-

form |k|* «— —0%/d|x|* . As a result, we obtain continuous medium equations (1.18).

Example 1.1. In this example, we are interested to obtain the continuous motion equation where we

can find the Riesz fractional derivative considering the interaction term coefficient as J(r)

the a-interaction is defined as follows

Jo (k) = zZCOS(k”) - %(3k2 —6mk+21%), 0<k<2m

2
n=1 n
thus 5
Ja(k)=Ta(O) .. k%/2-mk .
= i PO iy EE = i e
and

d d
Eu(x,t) + nGIWu(x,t) —F(u(x,t))=0

therefore, we have the Riesz fractional derivative of u(x, t) of order one with respect x.

5, then
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n2
[n|=F+D, (0<p<2,p=1)
[n|=F*D, (B >2,%3,4,...)

l"(l+a/2+n)l"(1+?c/2)—n) ’
—1)

aZ-n?
1
n!

CL” (a>-1/2)

J(n) T (x)
_1\na+l 1\ 1/2
(( lo)z+nl )_ (af+11;|nT“+1/2L1(a+3/2'1/2'77”) —d0%/d|x|*
er —(1/2)9%/9x>
- —~ind/dx

—2T(-p)cos(rp/2)dP/d|x|P
C(B-1)0%/9x?

1
—maa/alxv"

2 2
N 25i?17(-[a7'() d9°/dx

—2ed%/dx?

Table 1.1: Examples of Riesz fractional derivatives for some interaction terms coefficients. The first
column is the interaction term coefficient and the second column is the coefficient and the Riesz
fractional derivative.

Example 1.2. In this example, we are interested to obtain the continuous motion equation where we

can find the Riesz fractional derivative considering the interaction term coefficient as J(n) = %, then

the a-interaction is defined as follows

Ju(k) =2 Zl COS(!"”) -2 [;%{‘”) - 1] = 2[e® cos(sin(k)) - 1]

n
thus ®
. NJak)y=J0) .. 2e5" cos(sin(k)) — 2e .
Aa :klinoﬁzklino k2 =0 gl
and
iu(x t)+2eG a—2u(x t)—F(u(x,t))=0
at 22 .

therefore, we have the Riesz fractional derivative of u(x, ) of order two with respect x.

In table 1.1, we can find more examples about the Riesz fractional derivative. We are considering

more interaction term coefficients with its corresponding Riesz fractonal derivative.

1.4 Fractional three-dimensional lattice equation

In this part we consider the generalization of our system of interacting particles. We work the three-
dimensional case obtaining the continuous model with Riesz fractional derivative in each variable.

Then the dynamic of the particles is described by equations of motion

(o]

%"(f) =m:Z_m](n,m)[un—um](t)+F(un(t)) (1.34)
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for all t > 0 and n = (11,15, 113) € Z3, and m = (m;, m,, m3) € Z3 where the coefficient satisfies J(n,m) =
J(n—m) = J(m—n). Analogously, we suppose that u,(t) are Fourier coefficients of the function #(k, t):

(o]

i t)= ) up(t)e ™ = Fy fun (1), (1.35)

where k = (ky, kp, k3) and
3
I, = Z”iai- (1.36)

Here, a; are the translational vectors of the lattice. The continuous medium model can be derived in
the limit |a;| — 0.
To derive the equation for i#(k, t), we multiply (1.34) by e”%™, and summing over n. Then, we

obtain
di(k,t)

dt

where Fa{F(u,)} is an operator notation for the Fourier series transform of F(u,) and

= [Ja(0) ~ Ja(ka)]id(K, ) + Fa{F (un)}, (1.37)

(o)

Jalka)= ) e *majm). (1.38)

n=—oo

Definition 1.3. For the three-dimensional lattice, we say that (1.38) is a a-interaction with @ =

(a1, ap, a3), if satisfies the conditions

|fa(k)_fa(o)|

Jim, Ko Aa =123 (1.39)
where 0 <|A,, | < co.
Condition (1.39) means that
3 3
Jal)=Ja(0) = ) Ag Ikl + ) Ry, (K) (1.40)
i=1 i=1
where R, (k)
k}—>o |k1‘1|a" (1.41)

Proposition 1.2. The transform operation T defined in the previous section maps the discrete equations of

motion
du,

ar (0= ) Tl =t ](0)+ F( (0) (1.42)

m=+n

with noninteger a-interaction into the fractional continuous medium equations:

3

a y aai ’
u;:; ) :_ZAai$+F(u(r,t)). (1.43)

where we obtain the Riesz fractional derivative in each variable d*1/dx®1, 092/dy®? and 9*3/dz*3.

17



Proof. The proof of this proposition is analogous to proof of proposition 1.1. O

1.5 Conclusion

In this chapter, we worked with a discrete system of particles which was modeled by a discrete mo-
tion equation. We defined a transform operation which help us to transform the discrete motion
equation to a continuos motion equation analogous. We defined the concept of a — intercation. In
the continuos motion equation we can find the Riesz fractional derivative of order a in space. We
extended the discrete system of particles to the three-dimensional case. This chapter is important
since we obtained the Riesz fractional derivative naturally, moreover, this derivative allows to keep
the features and structure of the physical phenomena that we are working.

18



A method for anomalously

convective and diffusive problems

This chapter is motivated by a generalization of the well-known Burgers-Fisher and
Burgers—Huxley equations in multiple dimensions, considering Riesz fractional diffusion
and convection. Initial-boundary conditions, which are positive and bounded, are im-
posed on a closed and bounded rectangular domain. In this chapter we propose a finite-
difference method to approximate the positive and bounded solutions of the fractional
model. The methodology is a linear three-steps Crank-Nicolson technique which is based
on the use of fractional centered differences. The properties of fractional centered dif-
ferences are employed to establish the existence and the uniqueness of solutions of the
finite-difference method, as well as the capability of the technique to preserve the positiv-
ity and the boundedness of the approximations. We show in this chapter that the method
is capable of preserving some of the constant solutions of the continuous model. Addi-
tionally, we prove that our technique is a second-order consistent, stable and quadratically
convergent scheme. Suitable bounds for the numerical solutions are also derived in this
work. Finally, some illustrative simulations show that the method is able to preserve the
positivity and the boundedness of the numerical approximations, in agreement with the

analytic results proved in this chapter.

2.1 Introduction

Considering the before chapter, the use of Riesz fractional derivatives in the modeling of physical
problems through partial differential equations is justified mathematically in the continuous limit of
certain particle systems. Moreover, various fractional models from science and engineering are also
capable of preserving some physical quantities. As examples, we may consider some gradient and
Hamiltonian extensions of the Hemlholtz conditions for phase space and some fractional equivalents
of the Fokker-Planck equation for fractal media [25], continuous-limit approximations of systems
of coupled oscillators with power-law interactions [26] and mathematical models with fractional dy-
namics resulting in optimal control theory [27]. It is important to point out that some of these quanti-
ties are fractional forms of Hamiltonians [25], whence a natural direction of investigation in scientific
computing is the design of new computational techniques that preserve the relevant quantities of a

physical system described by fractional partial differential equations. It is worth pointing out that
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this task has been accomplished recently for fractional hyperbolic partial differential equations that
extend the well known sine-Gordon and nonlinear Klein-Gordon models from relativistic quantum
mechanics, which are models for which a Hamiltonian function exists [28].

The literature also has reports of methods for fractional partial differential equations that do not
necessarily preserve the structure of the solutions, but most of the methods proposed are numerically
efficient techniques. For example, some highly accurate numerical schemes have been proposed for
multi-dimensional space variable-order fractional Schrodinger equations [29] and some techniques
have been used to approximate the solutions of Riesz fractional advection-dispersion equations [30].
Other approximation methods based on Legendre polynomials have been designed to solve the frac-
tional two-dimensional heat conduction equation [31], to approximate the solutions of the multi-term
time-fractional wave-diffusion equation [32], to solve numerically the two-dimensional variable-
order fractional percolation equation in non-homogeneous porous media [33], to estimate the so-
lutions of (3+1)-dimensional generalized fractional KdV-Zakharov-Kuznetsov equations through an
improved fractional sub-equation method [34] and to solve fractional sub-diffusion equations with
variable coefficients [35]. As a conclusion, many reports show that the development of numerical
techniques to solve fractional partial differential equations has been a fruitful avenue of research,
but few reports have striven to design structure-preserving techniques for those systems.

In this work, the notion of ‘structure preservation’ not only refers to the capability of numerical
methods to preserve analogues of physical quantities. More generally, these concepts also refer to the
capacity of a computational technique to preserve mathematical features of the relevant solutions
of continuous systems. Such features may naturally arise from the physical context of the prob-
lem. A typical example is the condition of positivity (or non-negativity) of the solutions, which is a
natural requirement for problems in which the variables of interest are measured in absolute scales
[36]. Other characteristics include the boundedness [37], the monotonicity [38] and the convexity
of approximations [39]. In the present work, we will consider an initial-boundary-value problem
governed by a multidimensional parabolic equation with Riesz fractional diffusion and convection.
The problem is a generalization of various equations from mathematical physics, including the well
known Burgers-Fisher and the Burgers—Huxley models, which are equations for which there exist
positive and bounded solutions under suitable conditions. In this manuscript, we will propose a
structure-preserving and numerically efficient technique to approximate the solutions of that model

using fractional centered differences.

2.2 Preliminaries

2.2.1 Mathematical model

Throughout this work, we suppose that a,b,c,d € R satisfy a < b and ¢ < d, and we assume that
T > 0. Assume that B = (a,b) x (c,d) and define Q = B x (0, T). We will employ B and Q to represent
respectively the closures of B and Q) under the standard topology of IR?, and we will use dB to denote

the boundary of B. In this manuscript, u : Q - Rwill represent a function, and let x = (xq, x,).

Definition 2.1. Let a > —1 and suppose that n is a nonnegative integer such that n—1 < a < n. The
Riesz fractional derivatives of u of order a with respect to x; and with respect to x, at the point (x, t)
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are defined respectively by

0%u -1 o b M(é,XQ,t)dé
Tt = | e THeQ 2.1
dlxq | (1) 2cos(BH )T (n—a) 8x’fj |, — &Ja+l-n (x,t) € (2.1)

0%y -1 " d M(xl,é,t)dé
T i T eQ. 2.2
x| () 2cos("F )l (n—a) dx} £ |y — Efa+1n (x,t) € (2.2)

Here I’ is the gamma function defined by
I'(z) = J s“le7Sds, VYz>0. (2.3)
0

For the remainder of this work, we will use a;, f; and A; to represent nonnegative real numbers
suchthat1 <a; <2,0<p;<1foreachie{l,2}. LethO,andlet¢:§—>Rand¢:an[O,T] — Rbe
functions whose ranges are subsets of some closed and bounded interval I C R. Assume additionally
that the compatibility condition ¢(x) = (x,0) holds for each x € JB. With these conventions, the
problem under consideration in this work is the nonlinear initial-boundary-value problem

2 Qi b
iy oPiu
p
_El 8| 1|0t1 x, +u x, E /\ | |/3’ +u(x,t)f(u(x,t)), V(x,t)EQ,

u(x,0) = ¢(x), VYxeB,
u(x,t) = (1), Y(x,t) € dBx[0,T].

(2.4)
such that {

Here, f is in general a real-valued function defined on some open subinterval of [0, p], for some p > 0.
For practical purposes, we may assume that u(x, t) € [0, p] for each (x,t) € Q, and that f has the form

flu(x,t)=1-uP(x,t), VY(xt)eQ, (2.5)

or
flu(x,t)) = (1—uP(x,t))(uP(x,t)—y), Y(xt)eQ. (2.6)

The partial differential equation (2.4) is a convection-diffusion-reaction model that generalizes
many particular equations from mathematical physics. For instance, the convection term is a gener-
alized form of the corresponding term in the classical Burgers’ equation [40]. Meanwhile, the reaction
factor (2.5) was studied independently and simultaneously by R. A. Fisher [41] and A. N. Kolmogorov,
I. G. Petrovskii and N. Piskunov [42] in 1937 in the context of population dynamics, and the reaction
law (2.6) is a form of the Hodgkin—Huxley regime appearing in some studies on the electric activity
of nerves [43]. In view of these remarks, the model (2.4) with reaction factor f given by (2.5) is a frac-
tional generalized Burgers—Fisher equation, while the equation (2.4) with reaction (2.6) is a fractional
generalized Burgers—Huxley equation.

The following examples provide exact traveling-wave solutions of the one-dimensional Burgers—
Huxley and the Burgers-Fisher equations when p = 1. It is worth noting that these functions are
positive and bounded.

Example 2.1 (Burgers-Fisher equation). The one-dimensional partial differential equation of (2.4)

with reaction (2.5), oy =2, f; =1, A = A1 and p = 1 has traveling-wave solutions which are bounded
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within the interval (0,1), one example being the function

w(x, t) = %— %tanh[%(x— (% + %)t)] V(xt) € Rx R". (2.7)

Clearly, this function is a traveling-wave front that connects asymptotically the stationary solutions
1 =0 and u = 1 of our model. Moreover, for every fixed x; € R, the function u(x, ) is monotone in

time. Likewise, for every fixed t; € R, u(x, ty) is a monotone function in the variable x. O

Example 2.2 (Burgers—Huxley equation). A one-dimensional form of our Burgers—Huxley model has
been investigated in the literature [18] when a1 =2, 1 =1, A = A; and p = 1. In that case, the

Burgers—Huxley model has the traveling-wave solutions

1 1
u,(x,t)= 5t Etanh[ci(x— vi—’t)], Y(x,t) € Rx RY, (2.8)
and
— V 7/ + +
us(x,t) =2 + Etanh[ciy(x—vz H], VY(xt)eRxR*, (2.9)
where

A+VAZ+38

o= (2.10)

o _%+(1—2y)(/\4i\//\2+8), 2.11)
A (2-y)(AxVA2

Y _7/7_(2 ) Z +8) (2.12)

(see [44]). These two solutions are monotone fronts that are bounded within (0,1) or within (0, y),

respectively. O

2.2.2 Fractional centered differences

In this work, we follow a finite-difference approach to approximate the solutions of (2.4), and use
fractional centered differences to approximate Riesz space-fractional derivatives. In the present sec-
tion, we recall the definition of fractional centered differences and record their most important prop-
erties [45].

Definition 2.2. For any function f : R — IR, and any / > 0 and « > -1, the fractional centered difference
of order a of f at the point x is defined as

A F(x) = S gV f(x—kh), VxeR, (2.13)
k=—c0
where
@_  (DT(a+1)

_ . VkeZ (2.14
S TT(Ek+)I(E+k+1) )

For computational purposes, it is convenient to possess an iterative formula to calculate the coef-
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ficients of the sequence (g,ia))];“;_w. Using induction one may readily check that

(@) F(a+1)
= ey 2.15
8o [(a/2+1)2 ( )
(a) a+1 )
- v N . .
8k+1 ( a/2+k+1 /8% keNU{0) (2.16)

Lemma 2.1 (Wang et al. [46]). If 0 < a <2 and a = 1 then the coefficients (glia))‘x’ satisfy:

k=—c0
(a) g >0,

(b) g = g9 <0 for all k =0, and

(c) E gl(f) = 0. As a consequence, it follows that g(()a) =— E gl(ca).
k=—c0 k=—c0
k=0

Lemma 2.2 (Wang et al. [46]). Let f € C°(R), and assume that all its derivatives up to order five are
integrable. If 0 < a < 2 and a = 1 then, for almost all x,
Apf(x) _ 9°f(x)

= o +O(h?). (2.17)

2.3 Numerical method

2.3.1 Finite-difference scheme

Let I, = {1,...,q9} and Tq =Iu {0}, for each g € IN. In this work, we will follow a finite-difference
approach to solve the system (2.4). Let K,M,N € N, and define the spatial partition norms h, =
(b—a)/M and h,, = (d —c)/N in the x; and the x, directions, respectively. We will consider uniform

partitions of the intervals [a,b] and [c, d], respectively, of the forms

a=Xx1,0 <X171<...<X1,m<...<X17M=b, VMGTM, (218)

C=Xp0 <X2’1<...<X2,n<...<X2'N:d, VnETN. (219)

Let ] = Iy xIy_1, J = Iy x Iy and 9] = J N dB. We will also fix a non-necessarily uniform partition

of [0, T] consisting of K subintervals, namely,
O=ty<t;)<..<tp<..<tg=T, Vkelg. (2.20)

Define 7y = t, 1 —t;, for each k € Ix_;. For each n € Iy and m € Iy, let an,n represent an approximation
to the exact value of the solution u of (2.4) at (xq ,,, X, 5, tx), and define x,, , = (x1 ,;, x2,,) and q{)f,m =
¢'(x,,) for i = 0,1. Here ¢' will represent the exact solution of (2.4) at the time ;. Let 1,!)’;1',, =
(X ty) for each (m,n) € 9] and k € I.

In the present work, we will employ the following discrete operators for each (m,n) € ] and k €
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IK,li

k+1 k-1
shyk — _ Vmn ~Vmn
t m,n sz ’
k+1 k-1
uDpk o Y T Vmn
t m,n 2

(2.21)

(2.22)

Obviously, these operators provide second-order approximations of the partial derivative of u with

respect to t at (x,, ,, tx) and the value of u at that point. Without loss of generality in the next proofs

we consider a uniform partition of [0, T].
Lemma 2.3. Let v € C3(Q) where Q = Bx (0, T) with B = (a,b) x (c,d), then:

V(X1 11, X5 ) t
5§1)an,n _ ( 1,nat2,m k) +O(T2)

k+1 -1

Proof. Expanding v, and an,n in Taylor’s series with center in t;,

aV(xl,m’ X2, tk)

V(X1 X, 1) (Es1 — B)?

k+1
Vi = VL X )+ 0 e — )+ ———5 5 2
+a3v(x1"”*x2w t) (ter = 1)
ot3 3!
and
IV (X1, X2, ) 20 (X1 ypy X2, 1) (teg — )2
k-1 1,mrA2,ns Lk 1,m X2,n, tk 1 X
Uman = v(xl,m:xz,n:tk)"'T(tk_l—tk)+ gy b
V(1 y X0, 1) (t_g — )3
o3 3!

(2.23)

(2.24)

(2.25)

where t* and ™ are in (fy, t;,1) and (tx_1, fx), respectively. Also, as T = fy,1 — fx and T = t; —t;_; then

in (2.24) and (2.25) we have:

k+1 aV(xl,m: X2, tk) a2"/(351,#1:3(2,711 tk) 72

Vion = v(xl,m, X215 tk) + T + 52 F
P (xy X0, 1) T
ot3 3!
and )
7/k—l _ 1)( ¢ )_ av(xl,mrx2,w tk) n d V(xl,mlx2,nl tk) T_2
mn xl,m; X2,mr Tk ot T o T
_ J v(xl,mlx2,nl t**) T_3
ot3 3!

Subtracting (2.27) from (2.26) and dividing it by 27, we have:

vflilfr} - vfn;% _ V(xl,m’ X2, tk) 8V(xl,m’ X2, tk) i n azv(xl,m'xznl tk) T_z
2t a 27 ot 2t ot? 4t
a37/(x1,m’ X2,ns t*) T_3 _ 7/(xl,mf X2, tk) av(xl,mf X2, tk) i
ot3 127 27 ot 27
azv(xl,mrxlnrtk) 72 a37/(x1,mixZ,w t*) 3
or a " FIE 12t

(2.26)

(2.27)

(2.28)
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removing some terms, we have:

k 1 k_l * *%
Vi = Vi V(X1 X205 i) . Pv(x1 X 0 t )T_2 + v(x1, 1 X0t )T_2 (2.29)
27 ot o3 12 ot3 12 '
thus
k+1 _ k=1 “ .
vmfn ~VUmn _ av(xl,m’xlni tk) _ a3v(xl,wux2,n’t ) n aav(xl,m’xln’t ) T_z
27 ot ot3 ot3 12
3 * 3 % 2 (230)
(9 ’U(Xl’m,XQ,n,t ) (9 v(xl,mer,nrt ) T_
- ot3 ot3 12
} — . . Pv(xy, %,
since Q c R3is compact, then there exists a constant ¥ > 0 such that % <« forall (xq,x,,1)
in Q) then 1, ..
vl kel Du(xq X0 0t 2k
m,n mn ( 1,m»A2,n k) < (K " K)— ~ —T2 (231)
27 ot 12 6

1 . .
therefore 65 ] vk, is a second-order consistency operator.

O
Lemma 2.4. Let v € C3(Q) where Q = Bx (0, T) with B = (a,b) x (c,d), then:
1
VS‘ )vfn,n = V(xl,mle,nl tk)+O(T2) (2.32)
Proof. Expanding v&! and v&] in Taylor’s series with center in #;
OV(X1 r X2 105 ti) A2 V(X1 s X2 1) (Fra1 — 1)
k 1,mrA2,n bk 1,mrA2,nr k+1 k
va,rr} = v(xl,mJXZ,nl tk) + %(tk+l iy tk) + 5;2 - - 21 (233)
and X 5
~ V(X1 yr X2 s ) O™V (X1, my X2, 1) (tg_q — )
Vi = 0y 1) + SRR g gy S T ) Bt (2.3

where t* and t** are in (fy, t;,1) and (tx_1, fy) respectively. Also, as 7 =ty —fx and T =ty — t;_; then in
(2.33) and (2.34) we have:

av(xl,m’XZ,n’ tk) azv(xl,mixlni t*) 72

k+1 _ _

Vi = V(X1 X2, B) + ot T+ o o (2.35)
and , )
OV (X1 X s t V(X1 ppp X9 1y ) T

v];fnjri — v(xl,m:x2,n: tk) _ ( 1,m»A2,n k) T+ ( 1,mrA2,n ) v (2.36)

ot ot? 2!
if we do the sum of (2.35) and (2.36), divided by 2, we have:

V:;z-fr} + Vﬁ;,} _ V(xl,mr X2,ns tr) 8v(x1,mr X2,nr te) T aZV(Xl,rw X2, t*) 72
2 - 2 ot 2" 12 1 (2.37)
V(xl,m’xlni tk) _ 9V(x1,m’x2,n, tk) E n 827}(x1,m'x2,w t**) T_z
2 ot 2 ot? 4
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removing some terms, we have:

k 1 k_l * *%
vm-t—n + Vin _ v(x X ¢ ) + azv(xl,m:xZ,n:t ) T_z + azv(xl,mrx2,wt ) T_2 (2 38)
2 Lim» 22,7 %k ot? 4 ot? 4 '
thus
1 _1 * *%
V;};;fn + v!;@n _ azv(xl,mlxlnrt ) azv(xl,mrxlnrt ) TZ
- V(xl,m:xz,n: tk) - 2 + 2 e
2 ot ot 4 (2.39)
< aZV(XI,M! x2,n’ t*) azv(xl,ml xZ,nl t**) T_2 '
- ot? ot? 4
} — . . 0%v(x1, %, t
since Q c R3is compact, then there exists a constant ¥ > 0 such that % <« forall (xq,x,,1)
in Q) then 1y, T
A L "[2 K
w = V(Xm0 X ti)| < (104 K) - = ETZ (2.40)

1 . .
therefore ],ti )v,’jw is a second-order consistency operator.

O
Let 0 < & < 2 with a # 1. For each (m,n) € J and each k € Ix we define the linear operators
(@) 1§ @
S@) K a) k
Sk, = a Y anivk (2.41)
j=0
(a) 1\ @
a) k a) k
Ox, Vi = _h_“z Zgnfjvm] (2.42)
j=0

In light of Lemma 2.2, these operators yield second-order approximations of the fractional derivatives
of u of order a with respect to x; and x,, respectively, at the point (x,, ,,, fx). With this nomenclature,

the finite-difference method to approximate the solutions of (2.4) is given by

Z 2

(1 1 ; 1) <(B; ]

s\ vk = Zﬂg sl Wk, (k)P Z,\mi )aj(ci )an,n o 0k Mok L V(m k) €] x It
i i=1

On=¢%,, Y(mn)e],

= (Prln,n' Y(m,n) €],

w= 0K V(mmnk)edl xIk,

S

such that { v

§W‘§>—A

v
(2.43)

2.3.2 Equivalent representations

The purpose of this section is to provide alternative representations of the finite-difference scheme
(2.43). To that end, we will require additional nomenclature. Throughout this work we will convey
that

RY = e, (2.44)
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for each i = 1,2 and each a € (0,1) U (1,2]. Here, we are dropping the dependence of Rgéf) and Rgg)

on k for the sake of briefness. To build the alternative representation, first, we substitute the discrete
operators (2.21) and (2.22) in (2.43), then:

Ve ~Vma _ (1) ii @k Z e 2y (o)
2Tk Hi hal gm— Dcz g —1i Wll 1 m,n He

M
- (B1)_ k
h? nglivi,n}

X1 i=0 XZ i= X1 i=0
k ok 1), k
+/\2(‘l/ t [ B2 Zg l ,n)l‘t Vin,n
hxz i=
(2.45)
reordering, we have:
k+1 k-1 M
Vimn ~ VYmn -1 p—1
2T = th gml[”{t zn] Zg [ :|+’\1( n) ?Z mz|::ut zn]
k X1 =0 i=0 hx1 i=0
Ko\ —1 (1) &
+/\2(Vm,n) hﬁz [l’lt m1]+f( mn)[ﬂt Vm,n]
Xy i=
(2.46)
applying the discrete operator ;451), we have:
- M k+1 , k-1 N I
§1+r% vfn,r% _ izg(m? vi,z +vi,n _ng(ag) m+1 +vm,i
27 ngl Lo 2 n2 Lo 2
M k+1 k-1 k+1 k 1
w1 B | Vin tVin Vmi T Vi
(el g ) e |
kol 0% xz =
v+
+f(v£€nn)|: m,n > mn]
(2.47)
distributing some terms, we have:
vkl k-1 ) LAl (@) & 1 M g
mn ~ Ymn 1) k+1 ) k+1
T—k - hTng—ivi,n _Fzgmz in Z 8n—i Vm,i Z 8-
X1 =0 Xl i=0 2 =0 2 =0
P L )k
k k+1 k B -1
_/\1( m,” hﬁl ng iVin ( mﬂ) hT m—iVin (2.48)
X1 1 X1 =0
B2) P 1N" () ke
k —
_/\2 Zg 21 m+11/\ m,n) /32 gn—zi Vin,i
X2 =0

+f( mn) 11;1+1+f( mn) m,n
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defining as Rgff)

k+1
mn

k-1
- vm,n

= Tkh;i“, we have:

M ) M (@) & N N
Rl a
Zo’ k+l ; 1 ;gmllv ZO, 3 rﬁ:—il ZO’ n 21
-A (v ( fnn) lel g,(fl)vlk-,:l -\ (vfn,n) X[fl g;f—ivzl‘i;l
— ';]O
Zgn —i fn+11 (viljtn) ﬁz gnﬂzz
=0
+7k f (vm,n)vilgrl kf( n) mn

reording the terms, in the left-side the term with v%! and in the right-side the term with vf;

sum, thus:
2 (@)
[1—ka (vh,)+ Y R+ ok, ZA Rl k1
i=1
3 l (Br) o (P1) Y (B2) (B2) | plad) (a
* Z [/\1 (v’]:“l) Rxl1 gmll"'Raq gm z] k+1 Z [ fnn X22 gn21 +Rx2 8
i=0,izm =0,
2
(@)
= 1+ka(vfn,n)—ZRx'f Z/\ Rxl go l o
L 1:1(/3 (B1) (1) (aq) o P ( (a2) (@)
o 25} L
= ) Mk R g R g ]vik,nl_ ) [raloh ) RE G+ R

i=0,i#m

i=0,i#n

now, for each (m,n) € ] and k € Ix_y, let us define

k
Li,n

k,Xi
m,n,j

b

k
Conn

2
+ ZRXZ gO

1_ka( mn ZA Rxl g() ’
i=
Alell mﬁ])( hn)P = Rxffl gm_j, ifi=1landjely
/\2R / )( 715111) (M)gﬁ;), if i =2 and ] ETN,

2

2
i) (ai i) _(Bi)
1+ f (b= ) RVge” - (k)P ) AR g =2-ak, .
i=1

=1

It is easy to see that for each (m,n,k) € ] x Ig_;, the following hold:

k k,x k,x
Ay = 1- ka —Dbm r%,m - m,r%,n;
k k ,X1 k,Xz
Con = 1+ ka + b ,m T bm,n,n:

k _ k
fm,n = 2- E[m,n'

2)
=)o

kl
m,i

(2.49)

1n each

k+1
mz

k-1
m,i

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)
(2.55)
(2.56)
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With this notation, the difference equations of (2.43) may be equivalently rewritten as the following
Crank-Nicolson-type linear system, whose recursive equations are valid for each (m,n,k) € J x Ix_;:

. kxr o k+1 kxy o k+1 k,xq kxy k-
mnm men] ]n men] m]_ mn mn+menJ ]71 +men] m]
]im ]¢n ]zm ]:tn

vnouz = ‘1)21,71’ V(m, 71) €]/,
such that { vl =¢l . V(mn)e],

WIH lpm n’ v(mlnlk)ea]XTK,

(2.57)

;T.

Alternatively, a matrix representation of (2.57) is readily at hand. To that end, for each k € Tx we
order lexicographically the set {v’,,‘?’,1 : (m,n) € J}, along with the initial and the boundary conditions,
into the (M +1)x (N +1)-dimensional real vectors vk, vy, v; and 4}", respectively, for each k € Ix. More
precisely, for each j € T define the (N + 1)-dimensional vectors

v = (@ vh v v (2.58)
b = (Djo i NN P=0,1, (2.59)
k . .
l,bk = (#]]0111[)]1’ 17b]N l’wj,N)T’ lfJE{O’M}’ (2 60)
j (%ko,o 014’]',1\7) : if jely .
Then

ko= vkevke- ek @k, (2.61)
¢i = Pp@PI® B Py By, =01, (2.62)
Pt = ypepie--e vl vy (2.63)

where @ represents the vector operation of juxtaposition.
Let I represent the identity matrix of size (N + 1) x (N + 1), and define the following real matrices
of sizes (N +1)x (N +1):

0o 0 0
k,x
I o
0 0 b0 0 0
By, = |1 S : : C (2.64)
k,x
0 0 by, 00
0 oy O
0 0 0
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1 0
k,X2 k
=b10 L1
_ k,xo _ k,xo

m,2,0 m,2,1
k,xo k,xp
_bm,N—Z,O _bm,N—Z,l

hk,X2 bk,x2
“Um,N-1,0 T YmN-1,1
0 0

0

k,Xz
_bm,1,2

m,2

k,XZ
_bm,N—Z,Z
_bk,XQ

m,N-1,2

0

Let A* be the (M +1)(N + 1) x (M + 1)(N + 1) block matrix defined by

I 0 0
k k K
Bi, G Bi»
K K K
~Byy By, <
k k k
Byozo ~Bm-21 ~Bm-an
k k K
Byoi0 “BMoin “Bueio
0 0 0

Here the zeros represent zero matrices of sizes (N + 1) x (N + 1).

On the other hand, let us define the matrix DI;;z,j of size (N +1)x (N +1) by

0 0 0
k,XZ k k,Xz
m1,0 fkm,l b1,
X2 X2 k
020 b2 Cin,2
k  _ o "
m,j 2 ; :
k,xy k,xy k,x»
IJm,N—2,0 bm,N—Z,l bm,N—Z,Z
bk,X2 bk,XZ [Jk,XZ
m,N—1,0 m,N—-1,1 m,N—1,2
0 0 0

0
bk,X2

m,1,N-2

bk,xz

m,2,N-2

k

Em,N—Z

bk,X2

mN-1,N-2

0

0 0
k,Xz k,Xz
_bm,l,N—l _bm,l,N
k,x; k,xo
“Um,2,N-1 “Ym,2,N
bk,Xz hk,Xz
“UmN-2,N-1 " YmN-2,N
k bk;X2
L, N-1 0, N-1,N
0 1
0 0
k k
_BI,M—I Bl,M
k k
_BZ,M—l _BZ,M
k k
_BM—2,M—1 _BM—Z,M
k k
CMfl _BMfl,M
0 1
0 0
k,XZ k,Xz
bm,l,N—l bm,l,N
bk,x; bk,Xz
m,2,N-1 m,2,N
k,xo k,xs
bm,N—2,N—1 bm,N—Z,N
fk bk’XZ
m,N—1 m,N—1,N
0 0

In turn, we introduce the (M + 1)(N + 1) x (M + 1)(N + 1) block matrix

0 0 0
K k k
Bi, Dy B,
K K K
Byo By D,
k k K
By-20 Bum-21 Bum-22
k k K
Byo10 Byv-1,1 Bm-12
0 0 0

0 0

K K
Bim-1 Bim

K K
Bov-1 By
k k

Byiom-1 Buom

K k
Dyor o Byvoim

0 0

(2.65)

(2.66)

(2.67)

(2.68)

With this notation, the finite-difference method (2.43) can be in vector form as the recursive sys-
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tem
Akpkel = ERph=l k- Vi e Iy,
1}0 = UO’ (269)

1

such that
v =71.

In the following sections, we will establish the main properties of this technique. Among other
features, we will establish the existence and the uniqueness of the numerical solutions under suitable
conditions of the parameters. Structural and numerical properties of (2.69) will be proved also, and
numerical simulations based on an implementation of (2.69) will illustrate the validity of our results.

2.4 Structural properties

In this stage of our work, we prove the most important structural properties of the finite-difference
method (2.43). Concretely, we will show that the method has a unique solution under appropriate
conditions, and that the method is capable of preserving the positivity and the boundedness of the
approximations. The cornerstone of our discussion will be the concept of Minkowski matrices, which

are defined next.

Definition 2.3. A square real matrix is a Z-matrix if all its off-diagonal entries are less than or equal
to zero.

Definition 2.4. We say that a square real matrix A is a Minkowski matrix if the following three prop-

erties are satisfied:
(i) Aisa Z-matrix,
(ii) all the diagonal entries of A are positive, and

(iii) there exists a diagonal matrix D with positive diagonal elements, such that AD is strictly diag-

onally dominant.

Definition 2.5. We say that a (not necessarily square) real matrix A is nonnegative if every entry of A
is a nonnegative number; such fact will be denoted by A > 0. If p is any real number, we say that A
is bounded from above by p if every entry of A is less than or equal to p, a fact that will be represented
by A <p. If p > 0 then we use the notation 0 < A < p to represent that A >0 and A < p.

Obviously, an n-dimensional real vector v satisfies v < p if and only if pe —v > 0, where ¢ is
the n-dimensional vector all of whose components are equal to 1. In our investigation, Minkowski
matrices will be important in view that they are nonsingular. Moreover, if A is a Minkowski matrix

then A~! > 0 (see [47] and references therein).

Lemma 2.5. Let k € Ix_; and suppose that vk > 0. If T f (vK, ) <1 for each (m,n) € ] then the matrix in
(2.66) is a Minkowski matrix.

Proof. Note that the off-diagonal entries of AX are equal to zero, or of the form —b];fr’;'j for suitable
(m,n) €] with jeTy \{m}ifi=1,and j eIy \{n}if i = 2. Using Lemma 2.4(b), it readily follows that
byt = RGPk RV <0, V(mm, )€ ) x (T \ {m)) (2.70)

m,n,j m,n
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Similarly, — n - for each (m,n,j) € ] x (I \ {n}). This implies that A is a Z-matrix. On the other
hand, the dlagonal entries of that matrix are either equal to 1, or of the form a’,‘n ,, for some (m,n) € J.
By Lemma 2.4(a) and the hypotheses, it follows that am 2> 1=-1f(vy,,) >0 for each (m,n) € J, which
means that the property (ii) of Definition 2.4 holds. Finally, note that some rows have entries all
equal to zero except at the diagonal which is equal to 1, so the condition of strict diagonal dominance
is satisfied for those rows. For the remaining rows, the diagonal entry is of the form am " for some
for j € I\ {m}, and M2 for

(m,n) € ], while the nonzero off-diagonal entries are equal to —p® - ]

mn]

j €Iy \{n). Using properties (a), (b) and (c) of Lemma 2.4, it follows that

M M M
k, k, )
Zlbmxéjl"'zwmxsﬂ = _Aleffl (vrqu,n) Zg A% _R( )Zg ) /\ZR Zg
= = - =
]]'¢m ]'in ]J:r:m ]J::m ]:tn
N
R gl (2.71)
=0
j#n
< MR Pe + RVl + LR Wk, )Pl + RV gl

<

for each (m,n) € J. This means that A* is strictly diagonally dominant. Since all the properties of
Definition 2.4 are satisfied, we conclude that A¥ is a Minkowski matrix. O

For the sake of simplicity, we will use f(v¥) to represent the sequence (f(vfn’n))( for each

m,n) e]'
k € Ix. The following result establishes conditions under which the system (2.43) yields solutions
at each iteration. Its proof is a direct consequence of the previous lemma and the properties of

Minkowski matrices.

Theorem 2.1 (Existence and uniqueness). Let k € Ix_,, and assume that v* > 0. If 7, f (vK) < 1 then the
recursive equation of (2.69) has a unique solution.

Proof. By Lemma 2.5, the matrix A is a Minkowski matrix, so it is nonsingular. It follows that the

vector equation AXv*! = Ekpk=1 4 ¢k has a unique solution, as desired. O

The next result summarizes the most important structural properties of the finite-difference scheme
(2.43).

Theorem 2.2 (Positivity and boundedness). Let k € Ix_y, p > 0 and s = supyg ;) |f|. Suppose that 0 <

i M N
5Ty < Rg:fl) ngf_l]) + RSCZZ) Zg,(ﬁ?), Y(m,n)e], (2.72)
j=0 j=0
and
STy + ZRX' gO i Jold ZA Rx, g0 (2.73)

are satisfied. If 0 < X < p then 0 <v*+1 < p.

Proof. Note that the inequality (2.73) implies that 7; f (vX) < 1, so AF is a Minkowski matrix and the

k+1

method yields a unique solution v***. To establish the positivity of the approximation at the time
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try1, note firstly that the off-diagonal entries of EK are zero, or of the form IJ for some (m,n) € |

m n]
and j € Iy, \ {m} in the case that i = 1, and j € Iy \ {n} if i = 2. The proof of Lemma 2.5 shows that the
off-diagonal entries of EX are nonnegative in any case. Meanwhile, the components in the diagonal of

EF are zero, or of the form ¢k, , for some (m,n) € J. Clearly,

m,n

2 2
b 2 1=l f 0l )= ) RED g™ =P S AR G >0, v(m,m)e . (2.74)

This implies that EK > 0. Moreover, the vector Ekvk=1 + 1/)" > 0, and it follows that
1= (AYHERA L 4 k) > 0. (2.75)

In order to establish the boundedness, we let e be the vector of the same dimension as v**1 all of

k+l o pe— vkl Substituting into the recursive vector equation

whose entries are equal to 1, and let u
of (2.69), we readily obtain

ARkl = pARe — ERpR1 _ K, (2.76)

Let f be the vector on the right-hand side of (2.76). The components of f are of the form p — 1,Dk for
(j,n) €{0,M} x Ty or (j,n) € Iy;_; x{0,N} (yielding nonnegative expressions), or of the form

& k S k k k
i k X1 X2 ,X1 - X0 5
le,fl =P Jm,ﬂ_me,n,j_Z m,n,j tm?l men] jn Z m,n,j m]
=0 j=0
jEm j=En ]¢m ]:tn
M N N
k k,x1 k,X2 _ kX1 k,JCZ (2'77)
2 2p|1=ch=) bilsi= ) b Zp[—fkf me i 2 buin,
=0 j=0 j=0
jEm j=n
(a1) S (1) | plaz) = (az)
a ay a az
> 2p|-su+Ry ) g +RGT) g0,
]':0 j:O

for suitable (m,n) € |]. Here, we have used Lemma 2.4 and the inequality (2.72). As a consequence,
note that f > 0. This and the fact that A¥ is a Minkowski matrix imply that u**! > 0 or, equivalently,
that vk*1 < p, as desired. O

We would like to examine now the feasibility of the constraints in Theorem 2.2. In a first stage,
note that the inequality (2.72) may be multiplied on both sides by Tk_l to obtain

s<hM ng sy Zgn (2.78)
j=0

which is satisfied for sufficiently small values of h,, and h,,. Having chosen the spatial step-sizes that

satisfy (2.72), note that the inequality (2.73) is equivalent to the condition

2
Tk S+Zgé“" ”’+pPZA1gO T« (2.79)
i=1
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which holds for sufficiently small values of .
The following result establishes the existence of a constant solution for (2.43), which is also a
constant solution of the continuous model (2.4). The proof is straightforward in light of the vector

form of the scheme given by (2.69), Lemma 2.5 and mathematical induction.

Theorem 2.3 (Constant solution). Consider the problem (2.43) with homogeneous initial and boundary

conditions. Then the constant sequence of zero vectors is the unique solution of the finite-difference method.
O

2.5 Numerical results

In this section, we prove the main numerical properties of our finite-difference scheme, namely, the
second-order consistency, the stability and the quadratic convergence of the method. In the following,
we will assume that the range of the solution u of (2.4) is a subset of [0,p] and that f is a smooth
function defined on [0, p], where p > 0. Moreover, we define the following continuous and discrete

functionals, respectively:
2

obi
: t)—up(x,t)Z/\ialx—rﬁi(x,t)—u(x,t)f(u(x, 1), (2.80)
i=1 i=1 !

2
(1) (1) ¢(a;) k (1)
Lufn,n = v;]fn,n_ZVt 596(,‘1 Vmn — mn Z’lll’lt x, mn f(vm,n)l”t Vrl;,n’ (2.81)

I
QO
Q'):
®
—
|
Q)
=%
=)=
®

Lu(x, 1)

for each (x,t) € QO and (m,n,k) € ] x Ix_;. Moreover, we will employ & to represent the vector (h,,, h,).

Theorem 2.4 (Consistency). Let u € C3(Q), and suppose that the range of u is a subset of [0,p]. If t <1 and
f €CY([0,p]) then there exists a constant C > 0 independent of h and T such that for each (m,n,k) €  xIx_1,

|Luak, = Lot ti)] < C(2 + IHIP). (2.82)

Proof. We employ here the usual argument with Taylor polynomials and the identity (2.17). Note that

the condition on the continuous differentiability of u implies that there exist constants Cy, C ,C ﬁ’ ,Cy >

0 for i € {1,2} such that

(1 du

o1 )u’ﬁn,n — o Wmn )| < G175 (2.83)

; d%u : .
’/lt ggl) 111(1,71 a| | (xm ns tk) < C( 1)('752 +h2 ) 1= 1,2, (284)

1) (Bi gﬁllxl ; aﬁiu
(MZH)P’AE‘ )byi )ufn’n —u (Xm,n, i’k)m(xm,w tk) < | mnl ”‘t xl? Wn— W(xm,nr tk)
1 1
< PN en2), i=12 (2.85)
1
L a0 = 0 B F (0 D) = L Gty ) 4= 14 10

< C4T , (2.86)
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for all (m,n,k) € ] x Igx_;. The conclusion of this theorem is readily reached using the triangle
inequality and defining the constant C = max{C;, C(zal), CéaZ), A Cé 2 /\zcg 2) Cyl). O

The following lemma will be a useful tool to show that the method (2.43) is stable and quadrati-
cally convergent. In the next results, for each v € R" we let

V]l = max{v;|:i = 1,...,m}. (2.87)

Lemma 2.6 (Chen et al. [48]). Let A be a real matrix of size m x m that satisfies

m
Z|aij| <laipl-1, Vie{l,...,m). (2.88)
=1
j#=i
Then ||v|lo < ||AV||s is satisfied for all v € R™.

Lemma 2.7. Let k € Ix_y and p > 0. Let s = Sup[o,] |f| and suppose that 0 < vk < p. If (2.72) and (2.73)
are satisfied, then |[v|o < ||A*v||o holds for any v € RIMFDIN+1),

Proof. In light of Lemma 2.6, we only need to show that the matrix A* satisfies the inequality (2.88).
As in the proof of Lemma 2.5, we note that some rows of the matrix A¥ have all entries equal to zero
except at the diagonal, which is equal to 1. In those cases, the inequality of Lemma 2.6 is trivially
satisfied. For the remaining rows, the diagonal is of the form amn for some (m,n) € J, while the
nonzero off-diagonal components are equal to bm 5 for j € Ty \{m)}, and — bm o for j € Iy \{n}. Using
the inequality (2.72), we obtain

|alr{n,n|_1 = _ka mn ZRX, g() mn Z/\Rﬁl

N M
(a2) (B1)
> —srk+Rx1 ng Zg” A Rx/jl (V)P Zg,f_]]-
]—0 j=0
k, k, (2.89)
+/\2 mn Zg +mexri]+zbmxrij
]¢m ]:tn
= k, k,
> 3wl )
=0 =0
j=Em j::n

Thus the inequality (2.88) holds for each row of A¥. The conclusion of the present lemma readily

follows now. 0

Lemma 2.7 will be employed next to calculate some a priori bounds for the numerical solutions
of (2.43) and to establish the stability of the method in some particular scenarios. Recall that for each
real matrix E of size g x g, the infinity norm of E is given by

9
IEllos = sup [IEvllos : v € R such that [[v]l, = 1) = max ) e (2.90)
1<i<q 1
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Lemma 2.8. Let k € Ix_y and suppose that (2.72) and (2.73) are satisfied. Then E* >0 and ||E¥||, < 1.

Proof. We had already established that EX > 0 in the proof of Theorem 2.2. On the other hand, using
(2.72) it is easy to check that

M N M N
k, k, )
ot Y B+ ) b <1 f(of,) -RGTY gt - RGP Y gl < (2.91)
j=0 j=0 j=0 j=0
jEm j#n
for each (m,n) € J. We conclude that ||EX||., < 1, as desired. O

Lemma 2.7 will be employed next to calculate some a priori bounds for the numerical solutions

of (2.43) and to establish the stability of the method in some particular scenarios.

Theorem 2.5 (A priori bounds). Let p > 0, and let s = Supjg,] |f|. Let (vk)fzo be a solution of (2.69) which
is bounded in [0, p], and suppose that (2.72) and (2.73) are satisfied for each k € Ix_;. Then for each k € N
with k <N/2,

k k k
Wl < []_IuEzl-lnm]uvonm+Z[||¢2l-1||m]_[nEZf-lum], (2.92)
I=1 =1 j=l+1
k k k ]
b < []_[||E”||m]||vl||m+z " leo | | NEX Il |- (2.93)
I=1 I=1 j=l+1

Proof. Notice that the assumptions of Lemma 2.7 are satisfied for each k € Ix_;. Using that lemma,
we obtain that

05 | < IARVF | = IEFO T 4 Rl S TEMloollv* Moo + 1105l VK € Iy (2.94)

The conclusions of the theorem readily follow now using a recursive argument. O

Under the assumptions of Lemma 2.8 and Theorem 2.5, the conclusion of the last theorem can be
substantially simplified. Indeed, if homogeneous Dirichlet conditions are considered at the boundary
of the spatial domain, then V¥l < max{|[volleo, 171 ]I} for each k € Ig.

We establish next the properties of stability and convergence for our method in some particular

scenarios.

Theorem 2.6 (Stability). Let p > 0 and p = 0, and assume that |f| =s € R. Let (uk)fzo and (vk)fzo be
solutions of (2.43) bounded in [0, p] for the initial-boundary data (pL, P2, 1¥) and (¢pL, $p2,), respectively.
If (2.72) and (2.73) hold for each k € Tx_y, then

11" = v¥lloo < max{llug = volloos 11 = villeo}, Yk €T (2.95)

Proof. The hypotheses guarantee that the matrices A¥ and EX are all identical to some constant matri-
ces A and E, respectively, for each k € Ix_;. Note that the inequality (2.95) is trivially satisfied when
k € {0,1}, so suppose that it holds for some k € {1,...,K —1}. Lemmas 2.7 and 2.8 yield then

kil _ kel kel _ o k+l k=1 _ k-1 k=1 _ k-1
e N N A | e A || [ Tt T [ (2.96)
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The conclusion of this result follows now by induction. O

Theorem 2.7 (Convergence). Let p >0 and p = 0, and suppose that u € C>(Q) is a solution of (2.4) which
is bounded in [0,p]. Let T <1 and suppose that |f| =s € R. Let (vk)kK:0 be a solution of (2.43) which is
bounded in [0, p), and suppose that (2.72) and (2.73) hold for each k € Ix. Then there exists a constant
k € R independent of T and h such that

luX = vl < (2 +|H)?), Vkelk. (2.97)

Proof. Let ek = uk —v* for each k € TK. Beforehand, note that the exact and the numerical solutions
coincide for the initial-boundary data, which means in particular that ||€||, = |le'|l.o = 0. Using
Theorem 2.4 together with Lemmas 2.7 and 2.8, we obtain

1€ Moo

IA

AT = vF Dl S TE@RT ="l + Auf! — Euk=! — k|l

2.98
ek g+ TllLuk = Lukllyy < 165 [l +C(x2 + 1111, >

which yields that Ik oo =l leo < TC (72 +|||?) for each k € Ix_;. The conclusion of this results

readily follows from this inequality with x = TC. O

Finally, we provide some computer simulations to show that the finite-difference method (2.43) is
capable of preserving the main analytical features of the solutions of interest of (2.4). Concretely, we
illustrate the capability of the method to preserve the positivity and the boundedness. The simula-
tions were obtained using our own implementation of the method in ©Matlab 8.5.0.197613 (R2015a),
on a ©Sony Vaio PCG-5L1P laptop computer with Kubuntu 16.04 as operating system. In terms of
computational times, we are aware that better results may be obtained with more modern equipment

and more modest Linux/Unix distributions.

Example 2.3. Let us consider the continuous model (2.4) with parameters ¢y =a, =2, 11 =1, =0,p =
1,7 =0.6,and f is given by (2.6). We will consider the spatial domain B = (-200,200) x (=200, 200) C
R?, and the computational constants hy, =hy, =4 and 7 = 0.05. Let us fix homogeneous Dirichlet

conditions on the boundary of B, and consider the initial profiles

0.2, if(x,v)=(0,0),

) (2.99)
0, otherwise.

¢an=¢%mw={
Notice that we consider a problem without convective effects and with partial derivatives of integer
order. In such situation, the classical solution of the initial-boundary-value problem (2.4) is nonneg-
ative and bounded from above by y. Figure 2.1 shows snapshots of the approximate solution u as a
function of x and y, for the times (a) t =5, (b) t =10, (c) t =15, (d) t = 20, (e) t = 25 and (f) t = 30. The
solutions suggest that the method is capable of preserving the positivity and the boundedness of the

approximations, in agreement with Theorem 2.2. O
Example 2.4. Let us consider the same problem as in Example 2.3, using the constants @ = 1.9,
a; =1.95,6,=08,8,=09, 11 =1, =1, p=1and y = 0.6, together with the same computational
parameters and the same initial-boundary conditions as in the previous example. The results of our

simulations are shown in Figure 2.2. In this case, anomalous diffusion and convection are considered
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0.6 0.6

0.6

0.4

X,Y,15)

= 0.2

100

u(x,y,25)
u(x,y,30)

Figure 2.1: Snapshots of the approximate solution u of the model (2.4) as a function of (x,y) € B =
[-200,200] x [-200,200], for the times (a) t =5, (b) t = 10, (c) t = 15, (d) t = 20, (e) t = 25 and (f)
t = 30. The model uses the parameters ¢y =a, =2, 1 =1, =0,p=1, ¥ = 0.6, and f is given by (2.6).
We employed homogeneous Dirichlet conditions on the boundary of B, along with the initial profiles
(2.99). Computationally, we let h, =h,, =4 and t =0.05.
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0.6 0.6

0.6 0.6

0.2

u(x,y,15)

100

X, ¥:25)
y,30)

Figure 2.2: Snapshots of the approximate solution u of the model (2.4) as a function of (x,y) € B =
[-200,200]%x[-200,200], for the times (a) t =5, (b) t =10, (c) t =15, (d) ¢t = 20, (e) t = 25 and (f) t = 30.
The model uses the parameters @1 =1.9, a, =1.95, 5, =0.8,,=09, 4, =1, =1,p=1,y =0.6, and
f is given by (2.6). We employed homogeneous Dirichlet conditions on the boundary of B, along with
the initial profiles (2.99). Computationally, we let h, =h,, =4 and 7 = 0.05.
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in the x and y directions. It is worth pointing out that the properties of positivity and boundedness

of the approximate solutions are preserved, in agreement with Theorem 2.2. O

It is important to mention that we have conducted more simulations with different model param-
eters and different initial-boundary conditions. The results are not presented in this work in view of
their repetitiveness: they also confirm the capability of the finite-difference method (2.43) to preserve
the analytical features of the solutions of interest of (2.4), namely, the positivity and the boundedness

of the solutions.
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A structure-preserving
Bhattacharya method

In this chapter, we investigate a parabolic equation with nonlinear reaction, and frac-
tional diffusion and advection terms of the Riesz type. The model under investigation is a
fractional generalization of the well-known Burgers—Fisher and Burgers-Huxley models
from population and fluid dynamics, which are equations that admit positive, bounded
and monotone solutions, some of them being traveling waves. A variable-step Bhattacharya-
type finite-difference scheme based on fractional centered differences is proposed to ap-
proximate the solutions of the parabolic partial differential equation. The method is an
explicit technique which, under suitable parameter conditions, is capable of preserving
the positivity, the boundedness and the monotonicity of the approximations. Moreover,
the method preserves the constant solutions of the fractional partial differential equation
under investigation. The properties of consistency, stability and convergence of the tech-
nique are established thoroughly in this manuscript along with some a priori bounds for
the numerical solutions. Some illustrative simulations are carried out in order to show

that the method preserves these features of the approximations.

3.1 Introduction

Nonlinear advection-diffusion-reaction equations have been extensively investigated (both analyti-
cally and numerically) in the specialized literature during the past decades. Computationally, many
different numerical approaches have been followed to approximate the solutions of those systems
[49]. As a result, many finite-difference methodologies have been reported in the literature. In fact,
various different approaches have been followed to develop schemes for advection-diffusion-reaction
equations, one of them being the exponential method proposed by M. C. Bhattacharya around 1985
to solve some simple diffusion models [50]. This exponential approach was later used in some ap-
plications [51] and extended to the investigation of more complicated partial differential equations
[52, 53]. Various hybrid methods that employ the Laplace transform were designed at that time with
the help of the exponential method [54, 55]. Nowadays this exponential approach has been extended
to more complicated nonlinear systems. For instance, the Korteweg-de Vries equation has been in-
vestigated under this methodology for small times [56]. It is worth recalling that implicit [57] and
Crank-Nicolson [58] forms of the exponential method have been proposed for the solutions of the
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one-dimensional Burgers’ equation. More complicated models were investigated later on, like the
Burgers-Huxley equation [59] and the generalized Huxley and Burgers—Huxley equations [60]. It is
important to mention that this method has been used mainly due to the simplicity of its implementa-
tion, especially the explicit forms of this technique. This is probably why some further variations of
this technique have been developed, like some logarithmic versions of the original method proposed
by Bhattacharya [61].

In spite of these facts, it is well known that this method presents various important shortcomings.
Firstly, this technique is highly sensitive with respect to approximations which are close to zero. Good
approximations are obtained in the case of positive solutions, and early studies suggested that the
method could be indeed a convergent technique in those cases [51]. However, this singular character
in Bhattacharya’s approach has been perhaps one of the most important limitations in the applica-
bility of the technique. Nevertheless, it is worth noting that some corrections have been proposed in
order to avoid the high sensitivity with respect to zero approximations. In light of this correction,
explicit methods have been designed to solve the Burgers—Fisher equation [62], some complex thin-
film models [63] and advection-diffusion equations governing the distribution of probability of some
random variables [38] among other physical systems. Other important limitation of the exponential
approach has been the lack of studies that guarantee the preservation of important features of the
solutions. More precisely, there have been very few studies in which the structure-preserving capa-
bilities of Bhattacharya-type methods have been analyzed. It is important to remember here that the
design of structure-preserving techniques (also called dynamically consistent techniques if we follow
the nomenclature proposed by R. E. Mickens [64]) has been an important avenue of investigation in
numerical analysis. Structure-preserving techniques have been proposed as a need to guarantee that
the numerical methods reflect the physical context of the problems. Using this perspective, methods
that preserve the energy of Hamiltonian systems have been proposed [65]. Other works report on
discretizations that preserve the positivity of nonlinear systems describing the dynamics of chemi-
cal processes [66], the positivity of Poisson integrators for the Lotka—Volterra equations [67], or the
boundedness and monotonicity of solitary-wave solutions of the Burgers—Huxley equation [68].

Indeed, some reports by the author of the present manuscript have focused on the capability of the
Bhattacharya approach to preserve the structure of the solutions of some advection-diffusion-reaction
systems [62, 63, 38]. However, the investigation of the numerical efficiency of this methodology has
been left without investigation. Unfortunately, there are very few reports that focus on the study of
the properties of stability, consistency and convergence of the Bhattacharya methodology. Moreover,
in light of the interest that fractional models have gathered in recent years, it is worth noting that
this exponential approach has not been extended yet to the fractional scenario. In view of these facts,
the goal of the present manuscript is to investigate numerically a general parabolic partial differen-
tial equation with nonlinear reaction term which considers the presence of fractional diffusion and
advection. We will use Riesz space-fractional derivatives in our model, and the Bhattacharya per-
spective will be employed to provide a finite-difference discretization based on fractional centered
differences [45]. The method derived in this manuscript will have the following characteristics, which
will depend on some analytical features of the reaction term:

e the method preserves the positivity,

e it also preserves the boundedness of the approximations,
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e it is an explicit finite-difference technique,

e it is a non-singular extension of the Bhattacharya approach,

e the existence and uniqueness of approximations is guaranteed,

e it preserves the constant solutions of the continuous model,

e it is a stable technique,

e the consistency of the method is guaranteed under suitable analytical conditions and

e a priori bounds are provided for the method.

3.2 Preliminaries

Throughout this work, we will suppose that 4, b, ¢ and d are real numbers satisfying a < b and c < d,
also we will assume that T > 0. We will let Q = Bx (0, T) with B = (a,b) x (¢c,d), and use Q and B to
represent respectively the closures of Q and B under the standard topology of R?, and we will use B
to denote the boundary of B. In this manuscript u : QO — R will represent a function. Moreover, for
the sake of simplicity, let x = (x1,x,) and we define u(x,¢) = 0 for each x € B¢ and each t € [0, T].

Definition 3.1. Let @ > —1 and suppose that n is a nonnegative integer such that n—1 < a < n. The
Riesz space-fractional derivative of u of order « at the point (x, t)is defined by

9%y 1 o" J“X’ u(&,1)dé V(x,t) € Q. (3.1)

e 1) = 2cos(TE)T(n—a) 9x" J_, [x—&[a+1-n"
Here T is the gamma function defined in (2.3).

Definition 3.2. Suppose that @ > —1 and that n > 0 is an integer such that n—1 < a < n. The left and
the right Riemann-Liouville fractional derivatives in space of order a of u at (x, t) are given by

> e 1 " (Y u(&,t)dE

_oDyu(x,t) = —F(n ) 9% J_m —(x—é)a“—”’ (3.2)
a _ =D 9" (7 (g, t)dé

#Dicot(x,t) = r(n—a)aan E =)ot (3.3)

respectively.

It is important to point out that the Riesz space-fractional derivative becomes the one-dimensional
spatial Laplacian operator in the case when a = 2. Note also that the differential operator (3.1) can
be expressed in terms of the Riemann-Liouville fractional derivatives as

0%u 1

W(X, ) = —m (—ong +x Dfoo) M(X, t), V(X, t) e Q. (34)

For the remainder of this work and unless we say otherwise, we will use «a;, ;, ¥ and A; to repre-
sent real numbers such that 1 <a; <2,0<p;<land0<y<1,letpeN,andi=1,2. Letp:B — R
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and ¢ : dB x (0,T) — R be functions whose ranges are subsets of some closed and bounded inter-
val I C IR, and assume additionally that the compatibility conditions ¢(x) = (x,0) are satisfied for
each x € dB. With these conventions, the problem under consideration in this work is the nonlinear

initial-boundary-value problem

2 2 a[g
:Zl 0 7H 0 ) A ) s 0 ), Vi) €0,

such that { u(x,0) = P(x), Vx e B,
u(x,t)=9(t),  V(x,t)€dBx(0,T).

Here, f is in general a real-valued function defined as (2.5) or (2.6) in chapter 2.

An alternative form of the partial differential equation in (3.5) is readily at hand. Indeed, suppose
that u is a positive solution of (3.5), and let ¥ € R*. Divide both sides of the Burgers—Fisher equation
by u(x,t) + x and use the chain rule on the left-hand side to obtain the following equivalent initial-

boundary-value problem:

0% u

2 .
S 1)+ = —— +K[ S =10 ) s ) ) |

(3.6)
u(x,0) = ¢p(x), Vx € B,

such that
{ u(x, t) = (1), Y(x,t) € dBx(0,T).

for each (x,t) € Q. This equivalent form will be useful to provide an exponential discretization of our

initial-boundary-value problem.

3.3 Numerical model

In this work we follow a finite difference approach to approximate the solutions of (3.5), and use
fractional centered differences and their properties defined in chapter 2 with the objective to approx-
imate Riesz space-fractional derivatives.

Let I, = {1,...,q9} and Tq =1,V {0}, for each g € IN. Assume that M,N,K € N and use a space
partition norm hy = (b - a)/M of the interval [a,b] and hy, = (d —c)/N of the interval [c,d]. More
precisely, for each m € {0, 1,..., M} and for each n € {0,1,..., N} we define x; ,, = a + mh,, and x,, =
a+nhy,. Let ] = Iy xIn_q, J =Iy xIy and 9] = JNIB. Also, we will use a (not necessarily uniform)
partition 0 =ty <t; <... < tg =T of the interval [0, T], and define the constants 1 = t;,; — f;, for each
k €{0,1,...,K —1}. Moreover, for each m € {0,1,...,M}, each n € {0,1,...,N} and each k € {0,1,...,K}
define u,’jm = u(Xpy , tg) with x,, ,, = (1,1, X2,,). Under these circumstances, note that

0%u 5 1 4 . 5
alxll"‘(xm’"' - hj‘fl Z 8ty i+ (h):_h_%;ggz—i”m,ﬁo(h ) (3.7)

i=m-M
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2%u 1
Ty e ) = ha Zg i+ O) = = ) g uf, +O(R), (3.8)

*2 j=n-N *2 =0
for each m € I);_, each n € Iy_1, each k € Ix_; and each 0 < a <2 with @ # 1. In the following, we

will consider the discrete operators

k+1 k
Ut —u
5t”;’§1,n = W, (3.9)
| M
k
6a mn = _h_a g,f;_iu,-’,,, (3.10)
=0
1 N
3 k 7k
Ohthinn = ~pa )it (3.11)
*2 =0

Using this nomenclature, the fully discrete model used in this work to approximate the solutions of

(3.6) is given by the discrete system of equations

2
61‘ ln(urlil,n + K) = [ZéX1 um n (ufn,n)p Z’/\iéffiurﬁ n m nf m n
i=1

0 —
- y v b, ,
such that uzl'” } (P(xzm) (m,n)e] B
Uy = l,b(xmyn), Y(m,n,k) € dJ xIg.

(3.12)

foreach meIy;_q,eachn€ly_; and each k € Ig_;.

Clearly, the discrete fractional model (3.12) is computationally a two-step exponential discretiza-
tion of the continuous system (3.6) that considers a variable step-size in time. Moreover, it can be
explicitly and equivalently rewritten as

(22 65t = (b P L2 A0k 4 o f ()

uﬁf& = (ufn,n +K)exp T -k,
u K
i (3.13)
- v eJ.
such that ul’?’” (P(le’")’ (m,m) €], _
um,n = ¢(xm,n)' V(mr nrk) € (9] X IK-
for each m e Iy;_;, each n e Iy_ and each k € Ig_;.
Here, it is important to observe that uf} = Foo k(ufn,n), where
Fy c(w) = g(w)exp(p(w)) - x, (3.14)
and the functions g and ¢ are given by
gw) = w+x, YweR, (3.15)
wf( + prH + [dm n,xq + dfn,n,xz ] wP —ew — frft,n,xl - fmk,n,xz
pw) = 7 e , (3.16)
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Yw € R\ {—«} and for the constants ¢ = Alggl h;{gl + /\zggzh;fQ, e=gy hy ' +g5°hy,* and

1M ; | M
k _ M 1k k _ ay _k
dm,n,xl - ? gmfiui,n’ fm,n,x1 - hoq ng—iui,n' (3'17)
hx, =0 =0
1£m 1£=m
N N
kA Bo  k koo 1 @k
dm,n,xz - E Zgn—ium,i’ fm,n,xz - haz Zgn—ium,i' (3'18)
X3 i=0 X2 §=0
i#n iZn

Remark 3.1. Note that we use the letter ‘f” for two different mathematical objects. Throughout this
work f will represent the factor function of (3.5), while f,’,,"n’xj will represent the constant defined
above and which depends on m, n, k and j = 1,2. The difference between both notations should be
clear from the context. O

Finally, for the sake of convenience we will use

uk = (ulg’o, ué’l,...,ulg’N, u’f’o,ulf’l,...,ulf’N,..., ”}1@1,0’ uzl\‘/l’l,...,uﬁN), (3.19)
for each k € Ix. Moreover, for any real (M + 1)(N + 1)-dimensional vector u we use u > 0 to represent
the fact that each component of u is positive. If s is any real number we use u <s to denote that each
component of u is less than s. Also 0 < u < s will represent that u > 0 and u <s. If u and v are real
vectors of the same dimension we will use # < v to mean that v—u > 0. As expected, 0 <u <v <s
means that u >0, u <v and v < s are all satisfied.

3.4 Structural properties

In this section, we prove the most important properties of (3.12). More precisely, we wish to show
that the method yields a unique solution under suitable conditions, that it preserves the positivity,
the boundedness and the monotonicity of the approximations, and that the constant solutions of (3.5)
are also solutions of (3.12). Throughout we will suppose that « is a positive constant unless we say
otherwise.

In a first stage, we establish here a theorem on the existence an uniqueness of the solutions of
(3.12) as well as a result on the constant solutions of our numerical method.

Theorem 3.1 (Existence and uniqueness). Let k € {0,1,...,K —1}. If u* > 0 and x > 0 then (3.12) yields

a unique solution u**1.

Proof. Note that uf,,yn+1< >0foreachme{l,..., M—1}and ne{l,...,N—1}. As a consequence, the real

k

o k(U ) is defined uniquely, whence the conclusion of the theorem follows. O

number ukil = F4
K

Theorem 3.2 (Constant solutions). The constant sequence (0),_,

(M +1)x (N +1) is a solution of (3.13) if ¢,1p = 0.

consisting of zero vectors of dimension

Proof. By assumption u® = 0, so suppose that u* = 0 for some k € {0,1,...,K — 1}. Note then that

u’;fﬁ = F;;mk(O) = 0 readily holds for each m € {1,..., M — 1} and n € {1,...,N — 1}. The result readily
follows by induction. O
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In the following theorem, we will consider the infinite system described by

upy =i (uf, ), Y(mn) € ZxZN¥ke(0,1,...,K -1,

0 (3.20)
such that u,, , = ¢(x,,,), Y(mn)eZxZ,

where Fxl nk is defined as in (3.14), and the parameters c and e are as before. For each m € Z, each

k k k . .
neZandeach k €{0,1,...,K—1} the constants dm nx1» Amnxyr fmnx, @0d fy 0, are respectively given
in this case by

0 0
koM Bk ko1 a Kk
dm,n,x1 B Em—i%in fm,n,x1 . th Z m—i%in (3.21)
hx1 i=—co X1 i=—o00
1#m 12m
0 0
k /\2 P2k k _ 1 a K
p Xy B2 En—itm,ir fm,n,x2 = W Z & il i (3.22)
hxz i=—00 &) i=—o00
1#n 1#n

Theorem 3.3 (Constant solutions). Let s # —« be root of f, and let € be the two-sided infinite sequence all
of whose terms are equal to s. Then (e),If:0 is a solution of (3.20) with ¢ =s.

Proof. The proof is done by induction again. By hypothesis u* = € when k = 0, so let us suppose that
it is also true for some k € {0, 1,..., K —1}. Note then that for each (m,n) € ZxZ, Lemma ?? guarantees
that

T /\1 /\2 /\1
- | (S“[ng”ﬁggzls’”l* B 5Ll
hxl hX2 hXI 1“:—00 X2 l——OO
1+m l¢1’l
. |[% ] C a (3.23)
- —+— s+ g s
z¢m z¢n
Ty /\15}7+1 > B /\25p+1 > B2 S = ay S - a
= e | —— Rte——— T R =
B 2 B e o Zg i L o

AS a consequence,
ubiy = FY (s) = g(s)exp(p(s) —x =5, V(m,n)eZxZ. (3.24)

It follows that u¥*! = ¢, and the conclusion of the theorem is reached by induction. O

We will need the following lemma to establish the capability of the method (3.12) to preserve
the positivity and the boundedness. The proof is a straightforward application of the mean value

theorem of one-variable real analysis.

Lemma 3.1. Let x be a real number and suppose that F,g, ¢ : [0,1] — R are functions such that F(w) =
g(w)exp(@(w)) — x for each w € [0,1]. Then F is increasing in [0,1] if ¢ and @ are differentiable functions
satisfying

¢'(w)+gw)p'(w) > 0, (3.25)
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foreach 0 <w < 1. O
The following result is the cornerstone of this work.

Lemma 3.2. Let ¥ > 0 and s € (0,1], and let k € {0,1,...,K — 1}. Suppose that f and [’ are bounded on
[0,s], and let Ky be a bound common to both functions. Define

Mg’ | algo”
[

By = (1+2K)K0+(K+1)(‘iL+iL) [(2p—1)+(2p+1)1<](

], (3.26)
and assume that 0 < u* <s. If 1By < « holds then E, 2 [0,s] = R is an increasing function for each
mef{l,....M—1}and eachne{1,...,N —1}.

Proof. Let Ky be a common bound for f and f’ on [0,s], and let H(w) = ¢’(w) + g(w)¢’(w) for each
w € [0,s]. After differentiating and simplifying algebraically, we readily check that

H = , .27
(w) e (3.27)
where
Gw) = w+1<+rk{ w(w+x) f'(w) + x f (w) + cpwP ™!
[ mnxl+dfnnx2)(p—1)+1<p+1)c]wp (3.28)

k -1 k k
+K (dm,n x T dm n,X3 )pwp —Kke+ fm,n,xl + fm,n,xz}'

Here we are omitting again the dependence of H and G on m, n and k. In light of Lemma 3.1, the
function F| . is increasing in [0, s] if H is positive on [0, s] or, equivalently, if G is positive. Note that
the following inequalities are satisfied:

(@) fw(w+x)f"(w)l < (1 +x)Ko.
b) |if(w)l < kK.

(c) IpewP*! < p (10110 il + 1\o1gh* il )

(@) 1(cfy i, + ) (= VWP < =(p = D[ A1) ng Aol Zg
z:tm 1¢n

< (p= D0l &+ ol gf?)
(e) Ix(p+ ew?| < wlp-+ 1) (1l gf! +1Aoliid gl )
() Similarly to (d), Ied!pur=1| < pre( il €'+ Dol gl )

(g) |1<e|:1c(gglh '+ g0 hy az).
(h) Similarly to (d), Iff, x| < g0 hy, .

(i) Similarly to (d), |f;k ,.,| < &0 s *-
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As a consequence of these bounds and the hypotheses, note that G(w) > x —t; By > 0 for each w € [0, s].
So the function G is positive on [0,s] and Lemma 3.1 guarantees now that F)’ , is increasing on [0, s],
as desired. O

In the following, we will use the notation R, to represent the range of any real function h. The
next result summarizes the capability of the finite-difference method (3.12) to preserve the positivity
and the boundedness of the approximations. To that end, it is important to note beforehand that the
constants fr,lk’,u1 and fn]in,xz are negative when u* > 0, for each k € {0,1,...,K}, each m e {1,...,M — 1}
and eachne{l,...,N-1}.

Theorem 3.4 (Positivity and boundedness). Let k >0, Ay <0, A, <0 and s € (0,1], and assume that f
and f’ are bounded on [0,s]. Let By be as in Lemma 3.2, and Ry, Ry, C (0,5). If f(s) = 0 and 7,By <« for
each k €{0,1,...,K — 1} then there is a unique solution (uk)f=O of (3.12) that satisfies

0<uk<s, Vke{o01,...,K}. (3.29)

Proof. We proceed inductively. Note that the conclusion is true when n = 0 by hypothesis, so assume
that it is valid for some k € {0,1,...,K -1} and let m € {1,...,M -1} and n € {1,...,N — 1}. Obviously

Lemma 3.2 guarantees that the function F}; wk is increasing on [0, s]. Moreover, note that

Tk (fmk,n,xl 5 frl,;,n,xz) ] 0

lenk(o):KeXp[— 2 -k >xke —x=0. (3.30)

On the other hand, define g,’il,n =csPtl + (dl‘n w dfn " XZ)SP —es —f,,}j,n’xl —fn]j,n,XZ. Using the properties
of Lemma ?? we obtain that

AysP
k _ 1 2
gm,n - B1 gO 5+Zg -1 zn S+Zgnz m,i
hxl xz
=t o (3.31)
gO S+Z —itin|— az gO S+Zg Zillm,i <0.
z¢m z::n

Asa consequence,

FM

m,n,k

Tkgrl;n 0
(s) =(s+x)exp m —K<(s+K)e —K=5s. (3.32)

Summarizing, we have established that the function F) , :[0,s] — Ris increasing, and that 0 <
Fxmk(O) < Fzmk( s) < s. The fact that 0 < um . < s implies that uf,f,} = Fzmk( ») belongs to (0,s)

for each m € {1,...,M — 1} and each n € {1,...,N — 1}. Using the boundary data leads to obtain that

0 < u**1 <5, and the result follows now from induction. O]

We would like to establish not that the finite-difference method (3.12) is capable to preserve the
monotonicity of the approximations, but the method (3.12) is two—dimensional, in this case, we will
consider (3.12) one—dimensional to monotonicity makes sense. In the statement of our next result, we
will consider two sets of initial-boundary conditions which will be denoted by (¢", ") and (¢*, "),
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respectively. The corresponding numerical solutions obtained through (3.12) will be denoted by
(1)K, and (vF)E_, respectively.

Theorem 3.5 (Monotonicity). Let k >0, A < 0 and s € (0,1], and assume that f and f’ are bounded on
[0,s]. Let By be as in Lemma 3.2, and let Rz Rz Ryz © (0,s) for z = u,v. Suppose that f(s) = 0 and
7,By < x, and that the following are satisfied:

a) ¢*(w) < ¢¥(w) for each w € [0,s), and
(b) i (t) <i(t) foreach t €[0,T]andi=1,2.

Then there exist unique solutions (u™)\_ and (v")N_, of (3.12) corresponding to (¢*, ¥, p4) and (7, Y, %),

respectively, and they satisfy
O0<u"<v"<s, V¥nel0,1,...,N}. (3.33)

Proof. Beforehand note that Theorem 2.2 guarantees the existence and the uniqueness of the solutions
(u”);\]:0 and (v”);\io, and that they satisfy the inequalities 0 < u"” < s and 0 < v" < s for each n €
{0,1,...,N}. It remains to prove that u" < v" is also satisfied (which is true for n = 0 by hypothesis),
so suppose that this inequality holds for some n € {0,1,...,N — 1} and fix j € {1,...,M - 1}. Let ¥ :
RM+! — R be given by

Wi(w) :wjf(wj)+c(w]) lid. (w] i— fis (3.34)

]M+1

for each w = (wg,wyq,...,wy) € [0,s . Here the parameters ¢ and e are as before, and we use the

constants
A M B 1 M
d] = h_lg E g]-_k'U/k, f} = h_a E g]'a_kwk' (335)
k=0 k=0
k=j k=j

A simple calculation shows that if k € {0, 1,..., M} and w € (0,5)M*! then

B
S Agik &k . .
Q_u/;]( = h;ﬁ(wj) —;l— >0, ifk#j. (3.36)

This implies in particular that for each v,w € (0,5)M*! satisfying vy < wy for each k # j, and v; =
w; then \I’j(v) < ‘I’j(w). Let v = (vg,v’f,...,v]. 1,u] v]+1,

inequalities are now trivial in light of these facts and Lemma 3.2, and they are satisfied for each
je{l,...M -1}

,vfd) now. The following identities and

7, Wi (u")
it = F () = (uf 4 x)exp u’?]+1< "
(3.37)
T, W (vy)
n v v ny _ o n+l
< (u] +x)exp —u7+1< -k =F; (uf) <Fj (v) =vi"".

This and the boundary conditions imply that u™*! < v"*!, The conclusion of the theorem is reached

now using induction. O

The following corollaries are easy consequences of Theorem 3.5.
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Corollary 3.1 (Temporal monotonicity). Let k >0, A < 0 and s € (0,1], and assume that f and f’ are
bounded on [0,s]. Let By be as in Lemma 3.2, and let Ry, Ry, , Ry, € (0,5). Suppose that f(s) = 0 and
7,By < k. Then

O<u"<u™l<1, V¥nel01,...,N-1) (3.38)

whenever 0 < u® < ul <1 and the functions (¥, and 1, are increasing. O

Definition 3.3. A real vector u = (ug, uy,...,up) is increasing if u; <uj,y for each j €{0,1,...,M - 1}.
If —u is increasing then we say that u is decreasing.

Corollary 3.2 (Spatial monotonicity). Let k > 0, A < 0 and s € (0,1], and assume that f and f’ are
bounded on [0,s]. Let By be as in Lemma 3.2, and let Ry, Ry, , Ry, € (0,5). Suppose that f(s) = 0 and
TnBO < K.

a) If ¢, Py and 1, are increasing, and if uy < uy and uy, | < uy, for each n € {0,1...,N} then u" is

increasing for all n € {0,1,...,N}.

(b) If ¢, Py and 1, are decreasing, and if ui' < uj and uy, < uy, , for each n € {0,1...,N} then u" is
decreasing for all n € {0,1,...,N}. O

3.5 Numerical results

The present section is devoted to establish some numerical properties of (3.12) and to provide simu-
lations that illustrate the capability of the method to preserve the positivity, the boundedness and the
monotonicity of the approximations. In a first stage, we show that our method is consistent with the
partial differential equation of (3.5). To that end, we introduce the continuous and discrete operators

2 o
OREY. Y oMU (3.39)

Lu(x,t) = (u(x,t)+1<)at

N

Lufn,n = (umn )5t1n( Um,n K)_Zé mn mn Z/\éﬂl Uy
i=1

_ufl;z,nf(uliji,n)’ (340)

defined for each (x,t) € Q, each m e {1,..., M -1}, each ne{1,...,N —1} and each k € {0,1,...,K - 1}.
Also, we will employ the symbols || - ||, and || - ||o, to represent the Euclidean norm and the maximum

(M+1)(N+1)

norm in R , respectively.

Theorem 3.6 (Consistency). Ifu € Ci SXZ (Q) is a positive function and x > 0 then there exists a constant

Co > 0 which is independent of hy , hy, and i such that for each m € {1,...,M -1}, each n € {1,...,N -1}
and each k e {1,...,K -1},
| €1 (00 1) = Lt | < Co(Ti + 12, +h2). (3.41)

Proof. We employ here Lemma ?? and the usual argument with Taylor polynomials. Using the hy-

potheses on the continuous differentiability of u there exist positive constants C;, C;, C3, C4 and Cs
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such that

(1 (X0 ) + K)% (1 (X 0 1) + K) = (ub 4000 In(ub +0)| < Cig, (3.42)
%(xm,w te) =S um | < CohZ, (3.43)

;:—;Z‘z(xm,n, te) =Sy uk | < Cshi, (3.44)

uP (X, tk);f—ir,;(xm,n, ) — (ul, Pk | < Cuh2, (3.45)

uP (X, tk)%(xm,w ) = (b Polul,| < Cshl, (3.46)

foreachme{l,..., M -1},eachne{l,...,N -1} and each k € {1,...,K — 1}. Note also that

|14 (o b ) f (U0 1)) = 15, f () = 0. (3.47)

The conclusion of this theorem is readily reached using the triangle inequality and defining the con-
stant CO =max{C1,C2, C3|/\1|C4,|12|C5}. O

Next, we tackle the problem of stability of the method (3.12). In the following, for any real num-
bers x and y we use x V p to represent the maximum of x and y.

Theorem 3.7 (Stability). Let k >0, Ay <0, A, <0 and s € (0,1], and let f and f’ be bounded on [0, s]
with f(s) = 0. Let By be as in Lemma 3.2 and 13, By < x for each k € {0,1,...,K —1}. There exists a constant
C such that for any sets of initial-boundary conditions (¢p*, ") and (¢p7, ") with ranges bounded in (0,s),
the corresponding solutions satisfy

lu* = vl < Cllu® =%, Yk €{0,1,...,K}. (3.48)

Proof. The hypotheses guarantee the existence and the uniqueness of the solutions (uk)f:O and (vk)fzo,
satisfying 0 < u* < s and 0 < v < s for each k € {0,1,...,K}. To derive the constant C, let us define
the function ®@% , : [0,s]M*DN+) R for each m € {1,...,M — 1}, each n € {1,...,N — 1} and each
ke{0,1,...,K-1} by

Ny
OF (1) = (1, + K)exp(Tk—(u)) —%, VYue[0,s]M+DIN+D), (3.49)
! ’ U+ K

Here we are using the nomenclature employed in Theorem 3.5. It is obvious that each of the func-
tions @K

K is of class C1([0,s]M*DIN*1)) 5o the numbers C,,,x = MaX(g ¢(M+1)(N+1) [VDE I, exist in

M+1)(N+1

IR. Moreover, the mean value theorem guarantees that for each u,v € [0,5]( ) there exists

& €[0,s]M+DIN+1) sych that

|OK (1) = D (0)] < VDL, (E)llallu = vllz < Cpppr (M + 1)(N + 1)l = ]lo. (3.50)
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As a consequence, note that for each me{1,..., M —1}and each n e {1,...,N -1},

ukit — vkl =0k (uF) - DF, (9] < Cillu* — ¥, (3.51)
where
Cr=1vmax{Cy yxVIM+1)(N+1):1<m<M-1, 1<n<N-1}. (3.52)

It is clear then that [[uf*! — v**1|| o < Cillu* — v*||o, for each k € {0,1,...,K —1}. Using recursion we
obtain that the inequality [luk =¥l < Cllu® — 9| is satisfied for each k € {0,1,...,K}, where

K-1
C=(M+1)K2(N +1)K2 |_[ck, (3.53)
k=0
as desired. O

Next, we tackle the property of convergence of the numerical model (3.12).

Theorem 3.8 (Convergence). Let u € Cif,’it(ﬁ) be a solution of (3.5) satisfying 0 < u(x,t) <1 for each

Q. Let (v5)X _ be a solution of (3.13) satisfying 0 < v <1, foreach k €{0,1,...,K}. [
Q KK, be a sol ving k h k
exp(tx/A) -1 < 27/A, (3.54)

then there exists a constant C’ independent of ty, hy, and hy,, such that the following is satisfied for each
ke{0,1,...,K):

¥ — 0¥l < C'(mp + 12, +12) (3.55)

Proof. Throughout, we will use the notation used in Theorem 3.7. Let ek, , = uX, , — vk  for each m €

{0,1,...,M}, n€{0,1,...,N} and k € {0,1,...,K}. The exact solution u(x, t) of (3.5) satisfies the finite—
difference method (3.13) in the point (x,, ,, t) with truncation error R],‘,,m, foreachme{0,1,..., M -1},
nel{0,1,...,N -1} and k € {0,1,...,K — 1}. We have that the exact and the numerical solutions satisfy
the equations

(uvl;ul + /\)Lurl;,n = R];n,nf (3.56)
(V%0 + ALy, =0, (3.57)

respectively, for each me{0,1,..., M -1}, n€{0,1,...,N -1} and k €{0,1,...,K — 1}. By Theorem 3.6,
there exists Cy > 0 such that |Rﬁw| < Co(te + h,zc1 +h,%2) for each m,n and k. Equations (3.56) and (3.57)
could be seen as

TkRk ,
gty = (b, + A)exp[ e ]exp(w(uﬁ») -, (3.58)
Umn + A
Unin = (Ut A)exp (9(v,)) = 4 (3.59)

foreachme{0,1,...,M—1},n€{0,1,...,N—-1}and k€ {0,1,..., K —1}. Subtracting these identities, we
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obtain

k
TkR ’
lesin| < (ui‘n,n+A)[e><p[ e ]—1]e><p(<p(uﬁz,n))
U+ A
+|(Dr,:z,n(”)_q)r,§z,n(v)|
k k k k
< (A+1)D},, [exp(reRfy w/A) = 1]+ Cop el = 0]l
< DuRy,,+Cllells (3.60)
where
k k k k k k k k k k
€ =(€p0:€0,17-€ON7 €1,00€1,17++ 1 EL N7+ EMLOPEM17 -+ EMLN ) (3.61)
Dy, , = max{exp (@(u},,)) : u € [0,1]MDND, (3.62)

foreachme{0,1,....M-1},n€{0,1,...,N-1}and k€{0,1,...,K -1}, and

C=max{CpupVM+ )N +1):m=1,. . M-L;n=1,..,N-Lk=1,.,K-1}, (3.63)
2(A+1)DE ,
D = max f’:m:1,...,M—1;n:1,...,N—1;k:1,...,K—1 . (3.64)

Here, CDZ‘W, and C,, ,, x are as in the proof of Theorem 3.7. Moreover, all the constants C,, , ;. are
elements of [0, 1], whence is follows that 0 < C < 1. Therefore, by Theorem 3.6 and by the inequality
(3.60), we have that

e oo = lle¥lo < Nle**loo = ClleMloo (3.65)
< CoDti(ti+hi, +h3) (3.66)
< CoDti(t+hi +h3,) (3.67)
(3.68)
for each k €{0,1,...,K—1} and
T =max {7t :k=0,1,..., K—-1}. (3.69)

Taking summation on both sides of this inequality and using the exactness of the numerical initial

conditions, we have

lle" ! luo = lle" M loo = le®llco < CoDT(x + 2, +h2) < C'(x+ k2, +h2), (3.70)
foreach1€0,1,...,K -1, where we have used C’ = C4DT. O

Recall that K represented a common bound for f and f’ in the context of Lemma 3.2. This
notation will be observed in the next result, which provides some a priori bound for the numerical
solutions of (3.12).
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Theorem 3.9 (A priori bounds). Let k>0, A <0and s e (0,1], and let f and f’ be bounded on [0, s] with
f(s)=0. Let Bg be as in Lemma 3.2 and 1;By <« for each k €{0,1,...,K=1}. If Ry, Ry,, Ry, € (0,5) then
there exists a constant C > 1 such that

|l < Cllu®|l + K(C=1), VYke{0,1,...,K}. (3.71)

Proof. Beforehand note that the hypotheses and Theorem 3.1 guarantee the existence and the unique-
ness of positive and bounded solutions for (3.12). On the other hand, observe that 5,0;"1451’" < g, /h!

and 6ffufn,n Sggi/hff hold for each m € {0,1,...,M—-1},n€{0,1,...,N-1},ke{1,...,K-1}and i =1,2.
Note then that

2 < 2 Bi
Tk (Zi:l 5x,-l ufn,n ' (uicn,n)p Zi:] /\iéx; ufn,n + ufn,nf(ufn,n))

exp(Pp(ul,,) = exp

u,’§1,n+1<
Tk 21‘2:1 6%”;];1,11 Tk(”ilfn,n)p 1'2:1 /\iéfjufn,n
= exp|— —— |exp|- Z
Upmn + K U + K (3.72)
[Tkufn,nf(ufn,n)]
P\ %
U+ K
Z o ~ | Ailgo’ "
1
S exp| T Z% exp TkZ ,3.0 exp(ka(um,n))SCkr
el =1 hx
where . 5 p
a; i
i A:|o"
C, =exp| g—%,+Z| llg? +Ko || (3.73)
(g = b
i i i=1 Xi

LetC = ]_[f:_o1 Cy, and observe that the following is satisfied foreachm € {0,1,...,M-1},n €{0,1,...,N—
1} and each k€ {1,..., K -1}

i = (b, + ) exp (P (ufy ) — ¢ < Cruafy + 1(Cie = 1) < Cillt¥floo + (Cie = 1) (3.74)

Once that this inequality is established, it is easy to prove now the validity of the conclusion of this
theorem using induction. O

In this part, we do some computer simulations to show that the finite-difference method (3.12) is
capable of preserving the main analytical features of the solutions of interest of (3.5). Concretely, we
illustrate the capability of the method to preserve the positivity and the boundedness. The simula-
tions were obtained using our own implementation of the method in ©Matlab 8.1.0.604 (R2013a), on

a ©ASUS Tp501ua laptop computer with Windows 10 as operating system.

Example 3.1. Let us consider the continuous model (3.5) with parameters a1 =a, =2, A; =1, =0,
p=1,x=1,and f is given by (??). We will consider the spatial domain B = (=200, 200)x(-200,200) C
R?, and the computational constants hy, = hy, =1 and 7 = 0.05. Let us fix homogeneous Dirichlet

conditions on the boundary of B, and consider the initial profiles

0.2, if (x,v)=(0,0),

) (3.75)
0, otherwise.

¢ (%) :¢2(x,y)={
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Figure 3.1: Snapshots of the approximate solution u of the model (3.5) as a function of (x,y) € B =
[-200,200] x [-200, 200], for the times (a) t = 200, (b) t = 300, (c) t = 400, (d) t = 500, (e) t = 600 and
(f) t = 700. The model uses the parameters ay = a; =2, A; =1, =0,p=1, x =1, and f is given
by (??). We employed homogeneous Dirichlet conditions on the boundary of B, along with the initial
profiles (3.75). Computationally, we let h,, = h,, =4 and 7 = 0.05.
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Figure 3.2: Snapshots of the approximate solution u of the model (3.5) as a function of (x,y) € B =
[-200,200] x [-200, 200], for the times (a) t = 200, (b) t = 300, (c) t = 400, (d) t = 500, (e) t = 600 and
(f) t =700. The model uses the parameters a; = 1.9, @, =1.95, 8, =0.8, 5, =09, 4, =1, =1,p=1,
x =1, and f is given by (??). We employed homogeneous Dirichlet conditions on the boundary of B,
along with the initial profiles (3.75). Computationally, we let h,, =h,, =4 and 7 = 0.05.
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We can note that we consider a problem without convective effects and with partial derivatives of
integer order. In such situation, the classical solution of the initial-boundary-value problem (3.5) is
nonnegative and bounded. Figure 3.1 shows snapshots of the approximate solution u as a function
of x and y, for the times (a) t = 200, (b) t = 300, (c) t =400, (d) t =500, (e) t = 600 and (f) t = 700. The
solutions suggest that the method is capable of preserving the positivity and the boundedness of the
approximations, in agreement with Theorem 3.4. O

Example 3.2. Let us consider the same problem as in Example 3.1, using the constants a; = 1.9,
ap, =195, 6, =08, ,=09, 1y =1, =1, p=1 and « = 1, together with the same computational
parameters and the same initial-boundary conditions as in the previous example. The results of our
simulations are shown in Figure 2.2. In this case, anomalous diffusion and convection are considered
in the x and p directions. It is worth pointing out that the properties of positivity and boundedness
of the approximate solutions are preserved, in agreement with Theorem 3.4. O

It is important to mention that we have conducted more simulations with different model param-
eters and different initial-boundary conditions. The results are not presented in this work in view of
their repetitiveness: they also confirm the capability of the finite-difference method (3.12) to preserve
the analytical features of the solutions of interest of (3.5), namely, the positivity and the boundedness
of the solutions.
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Conclusions and discussions

In chapter 1, we worked with a discrete system formed by interacting particles. We considered the
particles are arranged in a linear pattern and the distance between particle is the same. This system
was modeled by a discrete motion equation. We defined the concept of a-interaction. We defined a
transform operation to obtain the continuous motion equation of the discrete system. The transform
operation is the continuous limit process that involves the Fourier series transform, the limit when
the distance between particles tends to zero and the inverse Fourier transform. In the continuous
motion equation, we found the Riesz fractional derivative in space. We considered the generalization

of the discrete system in the three-dimensional case.

In chapter 2, we investigated numerically a multidimensional generalization of the well-known
Burgers-Fisher and Burgers—Huxley equations with anomalous diffusion and convection terms. The
fractional derivatives considered are of the Riesz type, and the model was discretized using fractional
centered differences in a linear approach. The method proposed in this work is a Crank-Nicolson—
type implicit finite—difference scheme which is capable of preserving many features of some solutions
of the Burgers—Fisher and the Burgers—Huxley models with derivatives of integer order. For instance,
the methodology proposed in this work is capable of preserving the positivity and the boundedness
of the approximations. A theorem on the existence and the uniqueness of approximations was also
established in this work using the theory of Minkowski matrices. Moreover, the technique has the
same constant solutions as its continuous counterpart. The consistency, the stability and the conver-
gence of the technique were proved thoroughly in this work. As two of the most important results,
we showed that the method is quadratically convergent and unconditionally stable under suitable
scenarios. Moreover, we derived suitable a priori bounds for the numerical solutions of our finite—
difference—scheme. Simulations carried out with a computational implementation of our method

show that the technique is capable of preserving the analytical features of the solutions.

In chapter 3, we investigated numerically a generalization of the well-known the Burgers—Fisher
and Burgers—Huxley equations with fractional diffusion and advection terms. The fractional deriva-
tives considered are of the Riesz type, and the model was discretized using fractional centered differ-
ences and an exponential approach. The method proposed in this work is an explicit finite-difference

scheme which is capable of preserving many features of some solutions of the Burgers—Fisher and
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Burgers—Huxley models with derivatives of integer order. For instance, the methodology proposed
in this work is capable of preserving the positivity, the boundedness and the monotonicity of the
approximations. Moreover, we observed that our the technique and its continuous counterpart both
have the same constant solutions. We showed in this work the numerical properties of our technique
which are consistency, stability and convergence, along with some a priori bounds for the numerical
solutions. We did some simulations of our technique using a computational implementation to show

that our technique is capable of preserving the structural properties of the solutions.

Finally, we would like to add that the initial objective of this work was to apply fractional methods
to the processing of images. We applied the methods reported in this thesis, but the results that we
obtained did not yield satisfactory outcomes. More precisely, we expected to obtain better results than
those reported on the literature, however, that was not the case. We are convinced that the problem
lies in our use of the diffusion factors. We would expect to have better results using different diffusion
coefficients. Such task could be the topic of research in a future doctoral dissertation.

60



Bibliography

[1] M. Beck, Burgers Equation, Department of Mathematics, Heriot-Watt University Edinburgh,
United Kingdom.

[2] A. Salih, Burgers’ Equation, Indian Institute of Space Science and Technology, Thiruvanantha-

puram.

[3] E. Medina, T. Hwa, M. Kardar, Y.-C. Zhang, Burgers equation with correlated noise:
Renormalization-group analysis and applications to directed polymers and interface growth,
Phys. Rev. A 39 (1989) 3053-3075. doi:10.1103/PhysRevA.39.3053.

[4] L. Yang, X. Pu, Derivation of the burgers’ equation from the gas dynamics 14 (2016) 671-682.

[5] S..Z.N..N.S.b.M.R.S. Yacob, Jusoh & Zulkifli, Mathematical modelling of burger’s equation
applied in traffic flow.

[6] M. e. M. Bednafik, P. Konicek, Solution of the Burgers Equation in the Time Domain, Journal of

Advanced Engineering 42 (2).

[7] A.-M. Wazwaz, The tanh method for generalized forms of nonlinear heat conduction and Burg-
ers—Fisher equations, Applied Mathematics and Computation 169 (1) (2005) 321 — 338.

[8] R. Gorenflo, F. Mainardi, Fractional calculus: Integral and differential equations of fractional
order, arXiv preprint arXiv:0805.3823.

[9] N. Wheeler, Reed college physics department.

[10] R. Hilfer, et al., Threefold introduction to fractional derivatives, Anomalous transport: Founda-
tions and applications (2008) 17-73.

[11] D.Baleanu, O. P. Agrawal, Fractional hamilton formalism within caputo’s derivative, Czechoslo-
vak Journal of Physics 56 (10-11) (2006) 1087-1092.

[12] T. Kisela, Fractional differential equations and their applications, Faculty Of Mechanical Engi-

neering. Institute Of Mathemathics.

[13] C. Rotschild, B. Alfassi, O. Cohen, M. Segev, Long-range interactions between optical solitons,
Nature Physics 2 (11) (2006) 769.

61



[14] H. Grubmiller, H. Heller, A. Windemuth, K. Schulten, Generalized verlet algorithm for effi-
cient molecular dynamics simulations with long-range interactions, Molecular Simulation 6 (1-
3)(1991) 121-142. doi:10.1080/08927029108022142.

[15] V. E. Tarasov, Continuous limit of discrete systems with long-range interaction, Journal of
Physics A: Mathematical and General 39 (48) (2006) 14895.

[16] P. Perona, J. Malik, Scale-space and edge detection using anisotropic diffusion, IEEE
Transactions on Pattern Analysis and Machine Intelligence 12 (7) (1990) 629-639.
doi:10.1109/34.56205.

[17] S. Kim, Pde-based image restoration: a hybrid model and color image denoising, IEEE Transac-
tions on Image Processing 15 (5) (2006) 1163-1170. doi:10.1109/TIP.2005.864184.

[18] J. E. Macias-Diaz, J. Ruiz-Ramirez, J. Villa, The numerical solution of a generalized Burgers-
Huxley equation through a conditionally bounded and symmetry-preserving method, Comput-
ers and Mathematics with Applications 61 (2011) 3330-3342.

[19] C.K.Sisira K. Weeratunga, Comparison of pde-based nonlinear anisotropic diffusion techniques
for image denoising (2003). doi:10.1117/12.477744.
URL https://doi.org/10.1117/12.477744

[20] H.M. Salinas, D. C. Fernandez, Comparison of pde-based nonlinear diffusion approaches for im-
age enhancement and denoising in optical coherence tomography, IEEE Transactions on Medical
Imaging 26 (6) (2007) 761-771. doi:10.1109/TMI.2006.887375.

[21] T. Dauxois, S. Ruffo, E. Arimondo, M. Wilkens, Dynamics and Thermodynamics of Systems
with Long-Range Interactions: An Introduction, Springer Berlin Heidelberg, Berlin, Heidelberg,
2002, pp. 1-19.

[22] N. Go, H. Taketomi, Respective roles of short- and long-range interactions in pro-
tein folding, Proceedings of the National Academy of Sciences 75 (2) (1978) 559-563.
doi:10.1073/pnas.75.2.559.

[23] E. Lieberman-Aiden, N. L. van Berkum, L. Williams, M. Imakaev, T. Ragoczy, A. Telling, I. Amit,
B. R. Lajoie, P. J. Sabo, M. O. Dorschner, R. Sandstrom, B. Bernstein, M. A. Bender, M. Groudine,
A. Gnirke, J. Stamatoyannopoulos, L. A. Mirny, E. S. Lander, J. Dekker, Comprehensive mapping
of long-range interactions reveals folding principles of the human genome, Science 326 (5950)
(2009) 289-293. doi:10.1126/science.1181369.

[24] A. A. K. Samko, S. G., O. I. Marichev, Fractional integrals and derivatives: Theory and applica-

tions.

[25] V.E. Tarasov, Fractional generalization of gradient and Hamiltonian systems, Journal of Physics
A: Mathematical and General 38 (26) (2005) 59209.

[26] N. Korabel, G. M. Zaslavsky, V. E. Tarasov, Coupled oscillators with power-law interaction and
their fractional dynamics analogues, Communications in Nonlinear Science and Numerical Sim-
ulation 12 (8) (2007) 1405-1417.

62



(27]

(28]

(29]

(30]

[31]

(32]

(33]

(34]

(35]

[36]

(37]

(38]

(39]

G. S. Frederico, D. F. Torres, Fractional conservation laws in optimal control theory, Nonlinear
Dynamics 53 (3) (2008) 215-222.

J. E. Macias-Diaz, A structure-preserving method for a class of nonlinear dissipative wave equa-
tions with Riesz space-fractional derivatives, Journal of Computational Physics 315 (1) (2017)
40-58.

A. Bhrawy, M. Zaky, Highly accurate numerical schemes for multi-dimensional space variable-
order fractional Schrodinger equations, Computers & Mathematics with Applications 73 (6)
(2017) 1100-1117.

S. Shen, F. Liu, V. Anh, I. Turner, The fundamental solution and numerical solution of the Riesz
fractional advection-dispersion equation, IMA Journal of Applied Mathematics 73 (6) (2008)
850-872.

H. Khalil, R. A. Khan, A new method based on legendre polynomials for solutions of the frac-
tional two-dimensional heat conduction equation, Computers & Mathematics with Applications
67 (10) (2014) 1938-1953.

E. Liu, M. Meerschaert, R. McGough, P. Zhuang, Q. Liu, Numerical methods for solving the
multi-term time-fractional wave-diffusion equation, Fractional Calculus and Applied Analysis
16 (1) (2013) 9-25.

S. Chen, F. Liu, K. Burrage, Numerical simulation of a new two-dimensional variable-order
fractional percolation equation in non-homogeneous porous media, Computers & Mathematics
with Applications 68 (12) (2014) 2133-2141.

S. Sahoo, S. S. Ray, Improved fractional sub-equation method for (3+1)-dimensional generalized
fractional KdV-Zakharov—-Kuznetsov equations, Computers & Mathematics with Applications
70 (2) (2015) 158-166.

S. Vong, P. Lyu, Z. Wang, A compact difference scheme for fractional sub-diffusion equations
with the spatially variable coefficient under Neumann boundary conditions, Journal of Scientific
Computing 66 (2) (2016) 725-739.

M. Chapwanya, J. M.-S. Lubuma, R. E. Mickens, Positivity-preserving nonstandard finite dif-
ference schemes for cross-diffusion equations in biosciences, Computers & Mathematics with
Applications 68 (9) (2014) 1071-1082.

Y. Yu, W. Deng, Y. Wu, Positivity and boundedness preserving schemes for space-time fractional
predator-prey reaction-diffusion model, Computers & Mathematics with Applications 69 (8)
(2015) 743-759.

J. E. Macias-Diaz, J. Villa-Morales, A deterministic model for the distribution of the stopping
time in a stochastic equation and its numerical solution, Journal of Computational and Applied
Mathematics 318 (2017) 93-106.

R. Igbal, An algorithm for convexity-preserving surface interpolation, Journal of Scientific Com-
puting 9 (2) (1994) 197-212.

63



[40] A.D. Polyanin, V. F. Zaitsev, Handbook of Nonlinear Partial Differential Equations, 1st Edition,
Chapman & Hall CRC Press, Boca Raton, Fla., 2004.

[41] R. A. Fisher, The wave of advance of advantageous genes, Annals of Eugenics 7 (4) (1937) 355-
369.

[42] A. N. Kolmogorov, I. G. Petrovskii, N. S. Piskunov, A study of the equation of diffusion with
increase in the quantity of matter, and its application to a biological problem, Bjul. Moskovskogo
Gos. Univ 1 (7) (1937) 1-26.

[43] A.L.Hodgkin, A. F. Huxley, A quantitative description of membrane current and its application

to conduction and excitation in nerve, Journal of Physiology 117 (1952) 500.

[44] X. Y. Wang, Exact and explicit solitary wave solutions for the generalised Fisher equation,
Physics Letters A 131 (1988) 277-279.

[45] M. D. Ortigueira, Riesz potential operators and inverses via fractional centred derivatives, In-

ternational Journal of Mathematics and Mathematical Sciences 2006.

[46] X. Wang, E. Liu, X. Chen, Novel second-order accurate implicit numerical methods for the Riesz
space distributed-order advection-dispersion equations, Advances in Mathematical Physics
2015.

[47] T. Fujimoto, R. R. Ranade, Two characterizations of inverse-positive matrices: the Hawkins-
Simon condition and the Le Chatelier-Braun principle, Electronic Journal of Linear Algebra
11 (1) (2004) 6.

[48] S. Chen, E. Liu, I. Turner, V. Anh, An implicit numerical method for the two-dimensional frac-
tional percolation equation, Applied Mathematics and Computation 219 (9) (2013) 4322-4331.

[49] W. Hundsdorfer, J. G. Verwer, Numerical solution of time-dependent advection-diffusion-

reaction equations, Vol. 33, Springer Science & Business Media, 2013.

[50] M. C. Bhattacharya, An explicit conditionally stable finite difference equation for heat conduc-
tion problems, International Journal for Numerical Methods in Engineering 21 (2) (1985) 239-
265.

[51] R. E Handschuh, T. G. Keith Jr, Applications of an exponential finite-difference technique, Nu-
merical Heat Transfer 22 (3) (1992) 363-378.

[52] M. Bhattacharya, A new improved finite difference equation for heat transfer during transient
change, Applied Mathematical Modelling 10 (1) (1986) 68-70.

[53] M. C. Bhattacharya, Finite-difference solutions of partial differential equations, Communica-
tions in Applied Numerical Methods 6 (3) (1990) 173-184.

[54] H.-T. Chen, C.-K. Chen, Application of hybrid Laplace transform/finite-difference method to
transient heat conduction problems, Numerical Heat Transfer, Part A: Applications 14 (3) (1988)
343-356.

64



[55] C. Han-Taw, C. Tzer-Ming, C. Cha’'o-Kuang, Hybrid Laplace transform/finite element method
for one-dimensional transient heat conduction problems, Computer Methods in Applied Me-
chanics and Engineering 63 (1) (1987) 83-95.

[56] A.R. Bahadir, Exponential finite-difference method applied to Korteweg-de Vries equation for
small times, Applied Mathematics and Computation 160 (3) (2005) 675-682.

[57] B. Inan, A. R. Bahadir, Numerical solution of the one-dimensional Burgers’ equation: Implicit
and fully implicit exponential finite difference methods, Pramana 81 (4) (2013) 547-556.

[58] B. Inan, A. R. Bahadir, A numerical solution of the Burgers’ equation using a Crank-Nicolson
exponential finite difference method, Journal of Mathematical and Computational Science 4 (5)
(2014) 849-860.

[59] B. Inan, A. R. Bahadir, Numerical solutions of the generalized Burgers-Huxley equation by im-
plicit exponential finite difference method, Journal of Applied Mathematics, Statistics and In-
formatics 11 (2) (2015) 57-67.

[60] B. Inan, Finite difference methods for the generalized Huxley and Burgers-Huxley equations,

Kuwait Journal of Science 44 (3).

[61] S. A. El Morsy, M. S. El-Azab, Logarithmic finite difference method applied to KdVB equation,
American Academic Scholarly Research Journal (AASR]) 4 (2).

[62] J. E. Macias-Diaz, A. Gallegos, H. Vargas-Rodriguez, A modified Bhattacharya exponential
method to approximate positive and bounded solutions of the Burgers—Fisher equation, Jour-
nal of Computational and Applied Mathematics 318 (2017) 366-377.

[63] J. E. Macias-Diaz, 1. E. Medina-Ramirez, A. Chavez-Guzman, A compact exponential method
for the efficient numerical simulation of the dewetting process of viscous thin films, Journal of
Mathematical Chemistry 55 (1) (2017) 153-174.

[64] R. E. Mickens, Dynamic consistency: a fundamental principle for constructing nonstandard
finite difference schemes for differential equations, Journal of Difference Equations Applications
11 (2005) 645-653.

[65] Y. Miyatake, An energy-preserving exponentially-fitted continuous stage Runge-Kutta method
for Hamiltonian systems, BIT Numerical Mathematics 54 (3) (2014) 777-799.

[66] L. Gauckler, H. Yserentant, Structure-preserving discretization of the chemical master equation,
BIT Numerical Mathematics in press (2017) 1-18.

[67] M. Beck, M. ]. Gander, On the positivity of Poisson integrators for the Lotka—Volterra equations,
BIT Numerical Mathematics 55 (2) (2015) 319-340.

[68] J. E. Macias-Diaz, On an exact numerical simulation of solitary-wave solutions of the burgers—
huxley equation through cardano’s method, BIT Numerical Mathematics 54 (3) (2014) 763-776.

65



	Portada
	Contents
	List of Tables
	List of Figures
	Resumen
	Abstract
	Introduction
	1. Preliminaries
	1.1 Introduction
	1.2 Transform Operation
	1.3 From Discrete to Continuous Equation
	1.4 Fractional three-dimensional lattice equation
	1.5 Conclusion

	2. A method for anomalouslyconvective and diffusive problems
	2.1 Introduction
	2.2 Preliminaries
	2.3 Numerical method
	2.4 Structural properties
	2.5 Numerical results

	3. A structure-preservingBhattacharya method
	3.1 Introduction
	3.2 Preliminaries
	3.3 Numerical model
	3.4 Structural properties
	3.5 Numerical results

	4. Conclusions and discussions
	Bibliography

